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Abstract. The paper considers quasi-variational inequalities with point to set operator.
The existence of a solution, in the case when the operator of the quasi-variational
inequality is semi-continuous and the feasible set is convex and compact, is proved.
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1. INTRODUCTION

Let X be a rea Hilbert space, U c X convex closed subset of the space
X,Q:U 2V point to set mapping from U to its subsets.
The quasi-variational inequality QVI(F,U,Q) isthe problem:

Find ue U such that there exists ye F(u) satisfying
ue Q(u) and (Yve Q(u)) <y, v—u>>0.

There are many problems which can be formulated as quasi-variational
inequalities, for example: equilibrium problems in economics, impulse control problems,
€etc.

Existence of a solution of the quasi-variational inequality is considered in [1],
[3]. In this paper we prove existence of a solution of the quasi-variational inequality
QVI (F,U,Q) with semi-continuous operator F and continuous mapping Q.

If Q(u)=U the quasi-variational ineguality is variationa inequality vl (F,U) . In
Section 2 some properties of the point to set mapping are considered. In Section 3 some
existence theorems are proved.
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2. DEFINITIONS, NOTATIONS, PRELIMINARIES

Let X be a real Hilbert space, U c X convex, closed subset of the space
X,Q:U —2Y point to set mapping.
Definition 2.1. We say that F:U — 2V is upper semi continuous at u, if for any open
set N suchthat F(uy)e N there exists a neighborhood M of u, suchthat F(M)c N .

Definition 2.2. We say that F:U —2 is lower semi continuous at uye U if for any
Yo € F(uy) and any neighborhood N(y,) , there exists a neighborhood M (ug) of u, such
that

(Yue M (up))F(U) IN(yo) # @ .

Definition 2.3. A set valued map F: X — X is said to be continuous at u, if it is both

upper semi continuous and lower semi continuous. It is said to be continuousat X ifitis
continuous at every point xe X .

Definition 2.4. For mapping q:U —U we say that it is a selection of mapping Q iff
(Vue U)q(u)e Q(u) .

If g iscontinuousthen we say that q is a continuous selection of the mapping Q.
The minimal selection of the mapping Q is defined by

mM(Q(U)) = Fyw)O
where R, isametric projector, and O istheorigin.

It is known that the following lemma holds.
Lemma 2.1. (Theorem 1.7.1. [2]) If Q:U — 2V is continuous then the minimal selection
g:U —» U isacontinuous selection.

From Lemma 2.1 it follows

Lemma 2.2. Letwe X, and let Q:U —»2" be a point to set mapping which is
continuous, with closed convex images. Then the mapping p:U — U defined by

q(u,w) = PowyW
is continuous.

Proof: Let u,u,eU andlet u, — u(n— ), w,,we X and w, - w(n—<). Then

[ a(un, Wh) — a(u.v) Il = Il P, W — FoyW l
=1l Ry(u,)Wh — Ra,)W+ Pow,) — FoyW Il < 1T wh = wil+1I p(un) = p(u) |l

Since w, » w(n— ) and p(u,) — p(u) (n— ) it follows that
lim q(u,, W) =qu,w),
N—oo

and hence q(u,w) is continuous.
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Lemma 2.3. Let Q:U —» 2V satisfy conditions of Lemma 2.2., and let f:U »U be
continuous. Then the mapping g:U — 2V defined by

g(u) =Ry F (W),
is also continuous.
Proof: Since g(u)=q(u, f (u)), where q is the mapping defined in Lemma 2.2, from
continuity of f and q it followsthat g iscontinuous.
Lemma 2.4. Let G:X —2* be upper semi-continuous with closed images and let
(Un), (v, (£5) be sequences such that

ure X, eneR,e,>0,v,e X, V€ G(U,) + €y, > 0(N—00) .

Then from
lim u, =ue Dom(F)
n—oo
and
limv,=v
N—oo

it followsthat ve G(u).

Proof: Let £>0. Since G isupper semi continuous and

limv,=v
N—>oo

it follows that there exists ny, nj, n, e N such that

(Vn>no)||vn—v||<§ (1)
(Vn>ny)G(u,) < G(u) + % B )
(Vn>ny) e ||<§ : €)

From (1), (2), (3) it follows
Vp € G(un)+§BcG(u)+gB+%B:(3(u)+§gB_

From the last relation and (1), (3) it follows that ve G(u)+¢B. Since ¢ is any red
number greater then O, it follows that
ve N,50G(U) +eB=G(u) .

The best known continuous selection theorem is the following result by Michael [2].
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Theorem 2.1. Let X beametric space, Y a Banach space. Let the mapping F from X
into the closed convex subsets of Y be lower semi continuous. Then there exists
f : X =Y ,acontinuous selection of F .

Theorem 2.2. (The Approximate Selection Theorem) Let M be a metric space, Y a
Banach space, F a mapping from M into the convex subsets of Y which is upper semi
continuous. Then for every £ >0 there exists a locally Lipschitzean map f, from M to

Y such that itsrange is contained in the convex hull of the range of F and
Graph(f,) c Graph(F)+¢B.

3. EXISTENCE OF A SOLUTION

In Lemma 3.1 we will prove sufficient and necessary conditions for the existence of a
solution of QVI(F,U,Q).

Lemma 3.1. ueU is a solution of the quasi-variational inequality QvI(F,U,Q) if and
only if

ue Ry (u-eF(u) forany >0
Proof: ue Ry, (u-aF(u), forany >0 if and only if it holds
(Jee F(u))u =Ry (u-eay) forany a>0.

The last statement is equivalent with
Bye Fu))(Vve Q(u)) <u,v—u>2<u-ay,v—-u>

Bye Fu))(Vve Q(u)) a<y,v-—u>=0,
Thisprovesthat u isasolution of QVI(F,U,Q).
Theorem 3.1. Let X beareal Hilbert space, g+U c X a convex closed subset of the
space X,F:U —2X\g a point to set mapping with convex and compact images which

is upper semi continuous, Q:U —»2Y \ @ is a continuous point to set mapping with
convex and compact Q(u), and Dom(F) > U, Dom(Q)=U .
Then the quasi-variational inequality QVI(F,U,Q) hasasolution.

Proof: Let G:U — 2%X be defined by
GUu)=u—-F(u) .

From Lemma 2.1 [4] and properties of F it followsthat G isupper semi continuous and
G(u) is convex and compact. From Theorem 2.2 it follows that for every >0 there

existsalocally Lipschitien mapping g, :U — X such that

Graph(g,) c Graph(G) +¢B .
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Let (g,) satisfies ¢,>0, lime,=0 and let

n—oo
fe, (U) = Ry 9g, (L) -
Since g, iscontinuous, from Lemma2.2 it followsthat f, is continuous too. Since U

is convex and compact, from Schauder's theorem it follows that there exists u,e U such
that

u, = ffn (Un) = PQ(un)ggn (Un)E PQ(un)(G(Un) +8nB) C PQ(un)G(Un) +£nB .

Since U is compact thereexist ue U suchthat limu, =u.From Lemma2.4 it follows
N—0c0

ue H(u) = RyuyG(u) = Ryyy (U—F(u)) .

From Lemma 3.1 it followsthat u isasolution of QVI(F,U,Q).

Theorem 3.2. Let X beareal Hilbert space, g+U < X a convex and compact subset
of the space X,F:U —2X\ g a point to set mapping which is lower semi continuous

with convex and compact images F(u),Q:U — 2" a continuous point to set mapping
with convex and compact Q(u), Dom(Q)=U . Then the quasi-variational inegquality
QVI(F,U,Q) hasa solution.

Proof: Let G:U — 2% be defined by

GU)=u-F(u).
From Lemma 2.3 ([4]) it follows that G islower semi-continuous. From Theorem 2.1 it
follows that G has a continuous selection, i.e. that there exists continuous g:U — X
such that

(MueU)g(u)e G(u) .
Let

f(u) = Ryy9(u) .

From Lemma 2.3 it follows that f iscontinuous. Since U is convex and compact, from
Schauder's theorem it follows that there exists ue U such that

U= PRyuy9(U) € Ry (u—F(u)).

From Lemma 3.1 it followsthat u isasolution of QVI(F,U,Q).

4. CONCLUSIONS

In this paper we have proved the existence of a solution of the quasy-variational
inequality with point to set operator which is semi-continuous. If Q(u)=U for all ueU
the quasy-variational inequality reduces to the variational inequality and Theorems 3.1
and 3.2 reduce to the theorem on existence of a solution of the variational inequality.
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