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Abstract: How to determine economic production runs (EPR) for multiple products in 
flexible manufacturing systems (FMS) is considered in this paper. Eight different 
although similar, models are developed and presented. The first four models are devoted 
to the cases when no shortage is allowed. The other four models are some kind of 
generalization of the previous ones when shortages may exist.The numerical examples 
are given as the illustration of the proposed models. 
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1. INTRODUCTION 

When a number of products share the use of the same equipment on a cyclic 
basis, the overall cycle length can be established in a way similar to the single case 
described in [9]. The more general problem, however, is not to determine the economical 
length of a production run for each product individually, but to  determine jointly the runs 
for the entire group of products which share the use of the same facilities. If each part or 
product run is set independently, it is highly likely that some conflict of equipment needs 
would result unless the operating level is somewhat below capacity, where considerable 
idle equipment time is available [1]. The example presenting this situation are flexible 
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manufacturing systems (FMS) that must be set up to produce different sizes and types of 
product [8], etc. 

Conceptually, the problem to determine an economical cycle is the same as for 
the one-product case, that is, to determine the cycle length which will minimize the total 
of machine setup costs plus inventory holding costs jointly for the entire set of products 
[5], [6] and [7]. 

The models presented in this paper are the deterministic inventory models. In 
this paper, we present the procedure for determination of the number of production runs, 
N, for eight similar models. The eight models (see Table 1) are 

 
Model I: gradual replenishment, with demand delivery during the production 

period, no shortages 
Model II: instantaneous replenishment, with demand delivery during the 

production period, no shortages 
Model III: gradual replenishment, no demand delivery during the production 

period, no shortages 
Model IV: instantaneous replenishment, no demand delivery during the 

production period, no shortages 
Model V: gradual replenishment, with demand delivery during the production 

period, with shortages 
Model VI: instantaneous replenishment, with demand delivery during the 

production period, with shortages 
Model VII: gradual replenishment, no demand delivery during the production 

period, with shortages 
Model VIII: instantaneous replenishment, no demand delivery during the 

production period, with shortages. 
 
The first four models and the seventh one, as will be seen later, are all special 

cases of the fifth, sixth, and the eighth. Our presentation of the eight models begins with 
model I, the basic economic production runs (EPR) model. Finally, models II, III, IV, V, 
VI, VII, and VIII are presented as the extensions to the basic model. 

2. MODELS WITHOUT SHORTAGES 

2.1. The basic economic production runs model 

Our first model (model I) describes the case where no shortages are allowed, but 
the demand rate is greater than zero during the production period, and there is a finite 
replenishment rate. Figure 1 shows how the inventory levels for this model vary in time. 
Because the finite replenishment rate usually implies a production rate, model I is usually 
referred to as an EPR model. Within the context of this discussion, however, the EPR 
model is merely an extension of the basic economic production quantity (EPQ) or 
economic lot size (ELS) model [2], [3] and [4]. 

The total cost analysis for the EPR model is exactly the same as for the EPQ 
model. Inventory costs plus setup costs yield to total incremental cost. To develop the 
ERP model for several products, the following notations are used: 
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iD = annual requirements for the individual products 

id =  equivalent requirements per production day for the individual products 

ip = daily production rates for the individual products - assuming, of course, 
that , 1, 2,...,i ip d i m> =  

iH = holding cost per unit, per year for the individual products 

iS = setup costs per run for the individual products 
m = number of products 

iq = production quantity for the individual products 

iy = peak inventory for the individual products 

pit = production period for the individual products 

cit = consumption period for the individual products 
t = time between production runs 
c = total incremental cost 
N = number of production runs per year 

*N = number of production runs per year for an optimal solution 
T = total time period 
 
Inventory costs. The maximum inventory for a given product is ( )i i pip d t− , and 

the average inventory is ( ) / 2i i pip d t− . However, /i i pi iq p t D N= = . Therefore, 
average inventory can be expressed as 

( )
( ) ( )

2 2 2i

i i pi i i i i
i

i i

p d t D p d D
p d

p N p N
− −

= − =  (1) 

The annual inventory cost for a given product is then the product of the average 
inventory, given by (1), and the cost to hold a unit in inventory per year, iH , or  

( )
2
i i i i

i

H TD p d
N p

−
 (2) 

The annual inventory cost for the entire set of m  products is, then, the sum of 
m  expressions of the form of (2), or 

1
( )

2

m
i i

i i
i i

p dT H D
N p=

−∑  

Setup costs. The setup costs for a given product are given by iS , in dollars per 
run. Therefore, the total setup cost per year for that product is iNS . Finally, the total 
annual setup cost is the sum of iNS  for the entire set of m products, or 
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1

m

i
i

NS
=
∑  

and since N  is the same for all products, the total annual setup cost is, 

1

m

i
i

N S
=
∑  

Total incremental cost. The total incremental cost associated with the entire set 
of m products is then 

1 1
( ) ( )

2

m m
i i

i i i
i i i

p dTC N N S H D
N p= =

−
= +∑ ∑  (3) 

Our objective is to determine the minimum of the C curve with respect to N, the 
number of production runs. Therefore, following the basic procedure for the derivation of 
the classical production quantity model, the first derivative of C with respect to N is 

2
1 1

( ) 0
2

m m
i i

i i i
i i i

p ddC TS H D
dN pN= =

−
= − =∑ ∑  

solving for N, we have 

1

1

( )
*

2

m
i i

i i
i i

m

i
i

p d
T H D

p
N

S

=

=

−

=
∑

∑
 (4) 

The total cost of an optimal solution, *C . The total cost of an optimal solution 
is found by substituting N* for N in (3), or 

1 1
* * ( )

2 *

m m
i i

i i i
i i i

p dTC N S H D
N p= =

−
= +∑ ∑  

Substituting and simplifying the expression for N* shown in (4) leads to 

1 1
* 2 ( )

m m
i i

i i i
i i i

p d
C T S H D

p= =

−
= ∑ ∑  

 
2.2. Model II 

Figure 2 presents inventory levels as a function of time for this model. No 
shortages are allowed, so each new run arrives at the moment when the production level 
with demand delivery during the production period reaches maximum inventory level. 

The total incremental cost analysis for this model is exactly the same as for the 
basic EPR model. The maximum inventory level for a given product is the same as for 
the one previously defined. The cost that changes is the annual inventory holding cost for 
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the entire set of m products because the parameter which is the annual inventory  holding 
time changes. Therefore, the total incremental cost equation is 

2

1 1
( ) ( )

2

m m
i i

i i i
i i i

p dTC N N S H D
N p= =

−
= +∑ ∑  

Then, the number of production runs per year for an optimal solution, N*, 
satisfies 

2

1 1
* ( )

2 *

m m
i i

i i i
i i i

p dTN S H D
N p= =

−
=∑ ∑  

 

or 

2

1

1

( )
*

2

m
i i

i i
i i

m

i
i

p d
T H D

p
N

S

=

=

−

=
∑

∑
 (5) 

The total incremental cost of an optimal solution is 

2

1 1
* 2 ( )

m m
i i

i i i
i i i

p d
C T S H D

p= =

−
= ∑ ∑  (6) 

 
2.3. Model III 

Our third model (model III) describes the case where no shortages and no 
demand delivery during the production period are allowed, but now there is a finite 
replenishment rate. Figure 3 shows how the inventory levels vary in time for this model. 
Now, , 1, 2,...,i iy q i m= = . Therefore, the total incremental cost equation is 

1 1
( )

2

m m

i i i
i i

TC N N S H D
N= =

= +∑ ∑  

and the optimal number of production runs, N*, is 

1

1

*
2

m

i i
i

m

i
i

T H D
N

S

=

=

=
∑

∑
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2.4. Model IV 

Figure 4 presents inventory levels as a function of time for this model. No 
shortages are allowed, so each new run arrives the moment when the production level 
without demand delivery during the production period reaches maximum inventory level. 
For this model, , 1, 2,...,i iy q i m= = , and the annual inventory holding time is the same 
as in model II. The total incremental cost for this model is the same as in equation (3). 
Also, the optimal number of production runs for this model is equal to the optimal 
number of production runs for model I. 

3. MODEL WITH SHORTAGES 

3.1. Model V 

In terms of the replenishment rate and the demand rate during the production 
period, model V is the same as model I. A gradual replenishment is assumed. The 
difference is that, in model V, shortages are allowed, and a corresponding shortage cost is 
provided. In the shortage situation in this model, the demand that cannot be satisfied is 
backordered t and is to be met after the next shipment arrives. This is much different 
from the case of lost sales, where the customer does not return, thereby reducing the 
demand. 

The inventory levels for model V  are shown in Figure 5. Notice that the 
maximum shortage for a given product is ib  and the maximum inventory for a given 
product is iy , which means that the figure is the same as Figure 1, but with all inventory 
levels reduced by the amount ib . Again, common sense should tell us that, because 
inventory levels and the associated holding costs will be lower than in model I, the run 
quantity can be increased and runs can be placed less often. 

To analyze this situation, let us define the cost of a backorder per unit per time 
(year) for a given product, iG . That is, this cost is defined in terms of units (dollars per 
item per time), which is similar to the definition of the inventory holding cost. Also, the 
total incremental cost associated with the entire set of m  products, for this model, is 
similar to the total cost for model I, with the addition of costs due to shortages. 

 
C=annual setup costs + annual inventory holding costs + annual shortage costs 
 
There is no change in the setup costs. However, the holding cost changes due to 

the difference in calculation of the average inventory level for this situation. The average 
inventory level is  

2

( )

2 ( )

i i i
i

i

i i i

i

D p d
b

N p
D p d
N p

⎡ ⎤−
−⎢ ⎥

⎣ ⎦
−
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and the average backorder position is, similarly, 
2

2 ( )

i

i i i

i

b
D p d
N p

−
 

Consequently, the total cost is 
2

2

1

( )
( , )

2 ( ) 2 ( )

i i i
im

i i i
i

i i i i i ii

i i

D p d
H T

N p G Tb
C N B NS

D p d D p d
N p N p

=

⎧ ⎫⎡ ⎤−
⎪ ⎪⎢ ⎥
⎪ ⎪⎣ ⎦= + +⎨ ⎬− −⎪ ⎪
⎪ ⎪
⎩ ⎭

∑  

To obtain the EPR, we differentiate the total cost with respect to both N and B 
and solve two simultaneous equations, which yield to 

1

1

( )
*

2

m
i i i

i i
i i i i

m

i
i

p d G
T H D

p H G
N

S

=

=

−
+

=
∑

∑
 (7) 

Because i iH G+  is more than iG , the term 1i

i i

G
H G

<
+

, loading to the 

decreased N, which was expected.  
The determination of the maximum number of demands outstanding, bi , is 

( )
*

i i i
i

i
i

i i

D p d
H

N p
b

H G

−

=
+

 (8) 

The maximum inventory, then, is 

( )i i i
i i

i

D p d
y b

N p
−

= −  (9) 

The length of the cycle, t , is /T N , as it has happened previously. The cycle, 
t , was broken down into pit  and cit  for model I, and into inventory and shortage time in 
this model. For this model, all the four time are important. As shown in Figure 5,  

1 2 3 4( ) ( )pi ci i i i it t t t t t t= + = + + −  

where 
1it = time of producing while there is a shortage situation for the individual 

products 
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1
i

i
i i

b
t

p d
=

−
 

2it = time of producing, while there is inventory on hand for the individual 
products 

2
i

i
i i

y
t

p d
=

−
 

3it =  time of pure consumption while there is inventory on hand for the 
individual products 

3 /i i it y d=  

4it = time of pure consumption while there is a shortage situation for the 
individual products 

4 /i i it b d=  

 
3.2. Model VI 

Model VI allows shortages (finite shortage cost) and has an infinite rate of 
replenishment with demand delivery during the production period. The inventory levels 
over time for this model are shown in Figure 6. The total cost for this model is 

2

2

1

( )
( , )

2 2

i i i
i im

i i i
i

i ii

D p d
H T b

N p G Tb
C N B NS

D D
N N

=

⎧ ⎫⎡ ⎤−
⎪ ⎪−⎢ ⎥
⎪ ⎪⎣ ⎦= + +⎨ ⎬
⎪ ⎪
⎪ ⎪
⎩ ⎭

∑  

which yields to the following formulas: 

2

1

1

( )
*

2

m
i i i

i i
i i i i

m

i
i

p d G
T H D

p H G
N

S

=

=

−
+

=
∑

∑
 (10) 

2

1 1
* 2 ( )

m m
i i i

i i i
i i i i i

p d G
C T S H D

p H G= =

−
=

+∑ ∑  (11) 

and a maximal backorder position of the equation (8). The maximum inventory also is 
defined as an equation (9). For this model, the time of pure consumption is the same as in 
model V. 
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3.3. Model VII 

Model VII is similar to model III. The difference is that, in model VII, shortages 
are allowed. The inventory levels for this model are shown in Figure 7. The total cost for 
this model is 

2

1

( )
( , )

2 2

i
m i i

i i
i

i ii

D
H T b G TbNC N B NS

D D
N N

=

⎡ ⎤−⎢ ⎥
= + +⎢ ⎥

⎢ ⎥
⎢ ⎥⎣ ⎦

∑  

 

which yields to the EPR formula of 

1

1

*
2

m
i

i i
i i i

m

i
i

G
T H D

H G
N

S

=

=

+
=

∑

∑
 

 

and a maximal backorder position of 

*

i
i

i
i i

D
H

Nb
H G

=
+

 (12) 

The maximum inventory level, then, is i iq b− . The cycle, t, was broken down 
into four times, where 

1

2

3

4

i
i pi

i

i i
i pi

i

i i
i ci

i

i
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i

b
t t

q
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q
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q
b
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−
=

−
=

=

   or  

1
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i
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i
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i

b
t

p
y

t
p
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t
d
b

t
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=

=

=
′

=
′

  

 
3.4. Model VIII 

Model VIII allows shortages (finite shortage cost) and has an infinite rate of 
replenishment and no demand delivery during the production period. The inventory 
levels over time are shown in Figure 8. The total cost is 
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2
2

1

( )
( , )

2 ( ) 2 ( )
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m i i

i i
i

i i i ii

i i i i

D
H T b G TbNC N B NS

D p D p
N p d N p d

=

⎡ ⎤
−⎢ ⎥

⎢ ⎥= + +
⎢ ⎥
⎢ ⎥− −⎣ ⎦

∑  

 

which yields to the EPR formula of equation (7), and a maximal backorder position of 
equation (12). The maximum inventory, then, is i ip b− . The time of pure consumption 
for  model VIII is  the same as in model VII. 

3. NUMERICAL EXAMPLES 

4.1. Example 1 

Let us work out an example to determinate the cycle length by model II for the 
group of five products shown in Table 2, which shows the annual sales requirements, 
sales per production day (250 days per year), daily production rate, production days 
required, annual inventory holding cost, and setup costs. Table 3 shows the calculation of 
the number of runs per year calculated by formula 5. The minimum cost number of 
cycles which results in three per year, each cycle lasting approximately 78 days and 
producing one-third of the sales requirements during each run. The total incremental cost 
got by formula 6 is C*=$1361. 

4.2. Example 2 

What is the effect on N* for Example 1 if shortage costs are G1=$0.10, 
G2=$0.10, G3=$0.05, G4=$0.04, and G5=$0.70 per unit per year? What is the total 
incremental cost of this solution? 

Table 4 shows the calculation of the number of runs per year calculated by 
formula 10. The minimum cost number of cycles which results is two per year, each 
cycle lasting approximately 117 days and producing a half of the sales requirements 
during each run. The total incremental cost got by formula 11 is C*=$913. 

5. CONCLUSIONS 

The eight similar models presented in this paper are the EPR models for several 
products. Although historically, these models follow in the line of approaches on 
inventory analysis, they have found their greatest application within the FMS 
environment. 

Models V, VI, VII and VIII are seldom used in practice. The major reason is the 
difficulty to obtain an accurate estimate of the shortage cost. The models presented here 
are to emphasize some of the many assumptions that can be built into an EPR model and 
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to show how these assumptions can be incorporated into the model. Table 5 summarizes 
the formulas for the eight models. 

Model III is a special case of models I, II, and IV, with pi=∞, i=1,2,...,m. It 
should be recognized that, in model VII, Gi=∞, i=1,2,...,m, leads to model III, where no 
shortages are allowed. Models V, VI, and VIII are the most general of all the eight 
models presented. In fact, models I, II, III, IV, and VII are all special cases of models V, 
VI, and VIII, which allow shortages (finite shortage cost). In short, models I, II, IV, and 
VII each presents generalization of one assumption from model III, but models V, VI, 
and VIII include both generalizations simultaneously. 
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APPENDIX 

Nomenclature 

B=(bi) Vector of maximum amount shortages 
C Total (annual) incremental cost (dollars/time) 
C* Total incremental cost of an optimal solution 
di Daily demand rate of the ith product (units/day) 
di’ Daily pure consumption rate of the ith product (units/day) 
Di Demand rate of the ith product (units/time) 
Gi Shortage cost of the ith product (dollars/unit-time), where time must 

match demand 
Hi Holding cost of the ith product (dollars/unit-time), where time must 

match demand 
m Number of products 
N Number of production runs per time (year) 
N* Number of production runs per time for an optimal solution 
pi Daily production rate of the ith product (units/day) 
qi Production run quantity of the ith product (units/run) 
Si Setup or fixed cost of the ith product (dollars/run) 
t Length of the cycle 
tc i  Time of pure consumption of the ith product 

t p i
 Time of producing of the ith product 

t i1  Time of producing while there is a shortage situation of the ith product 

t i2  Time of producing, while there is inventory on hand of the ith product 

t i3  Time of pure consumption while there is inventory on hand of the ith 
product 

t i4  Time of pure consumption while there is a shortage situation of the ith 
product 

T Total time period (number of working days per year) 
yi Maximum inventory level of the ith product 
 

 
 
Table 1: Assumptions and models 

Replenishment rate Shortages Demand delivery 
during the production 
period  

Gradual Instantaneous 

No Yes Model I Model II 
 No Model III Model IV 

Yes Yes Model V Model VI 
 No Model VII Model VIII 
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Table 2: Sales, production, and cost data for five products to be run on the same 
equipment 
Product  
Number 

 
Di 

 
di 

 
pi 

Production 
Days 

Required 

 
Hi 

 
Si 

1 
2 
3 
4 
5 

10,000 
20,000 
5,000 

15,000 
4,000 

40 
80 
20 
60 
16 

250 
500 
200 
500 
40 

40 
40 
25 
30 

100 

$0.05 
0.10 
0.15 
0.02 
1.05 

$25 
15 
40 
50 
95 

Total    235  $225 
 

Table 3: Determination of the number of runs, jointly, for five products from formula 5 
Product 
Number 

d pi i  (1 )i id p−  2(1 )i id p−  H Di i  2(1 )i i i iH D d p−  

1 
2 
3 
4 
5 

0.160 
0.160 
0.100 
0.120 
0.400 

0.840 
0.840 
0.900 
0.880 
0.600 

0.706 
0.706 
0.810 
0.774 
0.360 

500 
2000 
750 
300 

4200 

353 
1,412 

607 
232 

1,512 
Total     4,116 

4,116* 3
2 225

N
x

= ≈  cycles per year 

 
Table 4: Determination of the number of runs, jointly, for five products from formula 10 
Product 
Number 

 
i iH G+  

i

i i

G
H G+

 
2(1 )i i i iH D d p−  2(1 )i i i iH D d p− G

H G
i

i i+
 

1 
2 
3 
4 
5 

0.15 
0.20 
0.20 
0.06 
1.75 

0.667 
0.500 
0.250 
0.667 
0.400 

353 
1412 
607 
232 

1512 

235 
706 
152 
155 
605 

Total    1,853 
1,853* 2
2 225

N
x

= ≈  cycles per year 
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t tp c0 i i

S l o p e  =  d

q

y

i

i

i

i

S l o p e  =  p -  d i

 

Figure 1: Inventory as a function of time-sawtooth curve, model I 
 
 

t T i m e
t tp c0

q i

y i S l o p e  =  d i

ii

 

Figure 2: Sawtooth curve, model II 
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t T i m e
t tp c0

q i

i

ii

S l o p e  =  d '

S l o p e  =  p i

 

Figure 3: Sawtooth curve, model III 
 
 

t T i m e
t tp c0

q i

i

ii

S l o p e  =  d '

 

Figure 4: Sawtooth curve, model IV 
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Figure 5: Sawtooth curve, model V 
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Figure 6: Sawtooth curve, model VI 
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Figure 7: Sawtooth curve, model VII 
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Figure 8: Sawtooth curve, model VIII 
 
 


