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Abstract: The classical economic production quantity (EPQ) model assumes that items
produced are of perfect quality and the production rate is constant. However, production
quality depends on the condition of the process. Due to process deterioration or other
factors, the production process may shift and produce imperfect quality items. These
imperfect quality items sometimes can be reworked and repaired; hence, overall
production-inventory costs can be reduced significantly. In addition, it can be found in
practice that the time or cost required to repetitively produce a unit of a product decreases
when the number of units produced by a worker or a group of workers increases. Under
this circumstance, the unit production cost cannot be regarded as constant and, therefore,
cannot be ignored when taking account of the total cost. This paper incorporates the
effects of learning and the reworking of defective items on the EPQ model since they
were not considered in existing models. An optimal operation policy that minimizes the
expected total cost per unit time is derived. A numerical example is provided to illustrate
the proposed model. In addition, sensitivity analysis is performed and discussed.
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1. INTRODUCTION

The classical EPQ/EOQ (economic production/order quantity) model has been
widely used in practice because of its simplicity (Osteryoung et al., 1986; Silver et al.,
1988; Zipkin, 2000). Over the past five decades, numerous research efforts have been
undertaken to extend the basic EPQ model by relaxing various assumptions so that the
model conforms more closely to real-world situations. Two major assumptions in the
classical EPQ/EOQ model are that the output of the production facility is of perfect
quality and that the production rate is predetermined and fixed in advance. However, in
reality, product quality is not always perfect, but instead a function of the reliability of
the production process employed to manufacture the products. Due to deterioration of
process, non-perfect technology, human mistakes, or many other factors, generation of
imperfect quality items is inevitable. Many researchers have extended the classical EPQ
model by considering the effect of imperfect production processes (for example, Cheng,
1991; Freimer et al., 2006; Hou, 2007; Jaber, 2006; Khouja and Mehrez, 1994; Kim and
Hong, 1999; Lee and Rosenblatt, 1987; Rosenblatt and Lee, 1986). In practical
production environments, the imperfect quality items sometimes can be reworked and
repaired; hence, overall production-inventory costs can be reduced significantly (Chiu,
2003; Chiu et al., 2007; Hayek and Salameh, 2001; Sarker et al., 2008). Examples of
rework include the paper industry, the semiconductor industry, the glass industry, the
metal processing industry, and the plastic industry (Barketau, et al., 2008; Buscher and
Lindner, 2007; Chiu et al., 2007). A few studies have been accomplished to address the
EPQ model with rework. Porteus (1986) incorporated the effect of defective items into
the classical EPQ model. These defective items can be reworked in the same cycle. He
found that the optimal EPQ was smaller than the EPQ in the classical model, because
smaller lots produce fewer defective items. Hayek and Salameh (2001) derived an
optimal operating policy for the finite production model under the effect of reworking
imperfect quality items, assuming that all of the defective items were reworked and
repaired. Chiu (2003) considered a finite production model with random defective rate,
scrapping, the reworking of repairable defective items, and backlogging. An optimal
operating policy including lot-size and backordering level that minimizes overall
inventory costs was derived. Jamal et al. (2004) presented an inventory model to
determine the optimum batch quantity in a single-stage system in which rework was done
under two different operational policies. Recently, Buscher and Lindner (2007) have
presented an approach which allows the simultaneous determination of production as
well as rework lot and batch sizes. Other related studies on lot sizing with imperfect
production process and allowable rework can be found in Cardenas-Barron (2008), Chiu
et al. (2007), Inderfurth et al. (2005, 2007), Sarker et al. (2008) and their references.

Apart from the assumption that all units produced are of good quality, the
constant production rate assumption is also not valid whenever the operator begins
production of a new product, restarts production after some delay, implements a new
production technique, or changes to a new machine. In such situations, the learning effect
cannot be ignored. The literature concerning effect of learning on determining optimal lot
size can be found as early as the 1960’s. Keachie and Fontana (1966) dealt with the
effects of learning on the calculation of the optimal economic lot size in intermittent
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production. Adler and Nanda (1974a, 1974b) analyzed the effects of learning on optimal
lot size determination for the manufacturing cycles of single and multiple products. They
derived optimal lot sizes for cases where either lot sizes or production intervals were
equal. Salameh et al. (1993) presented a modified production-inventory model that
incorporates the effect of learning on the inventory system total cost per unit time and on
the optimal production quantity. Li and Cheng (1994) considered the effects of learning
and forgetting on EPQ in batch production systems, and developed a dynamic
programming method to determine optimal lot sizes. Urban (1998) investigated the
learning effect of run length on product quality modeling the defect rate of the process as
a function of the run length, and closed form solutions were derived. Jaber and Bonney
(2003) studied the effects of learning and forgetting in setups and product quality on the
economic lot-sizing problem. Chiu and Chen (2005) considered the problem of
incorporating both learning and forgetting in setups and production into the dynamic lot-
sizing model to obtain an optimal production policy that included the optimal number of
production runs and the optimal production quantities during the finite period planning
horizon. Jaber and Bonney (2007) investigated the effect of lot-size dependent learning
and forgetting rates on the lot-size problem by incorporating the dual-phase learning—
forgetting model (DPLFM) developed by Jaber and Kher (2002) into the EPQ model.

Recently, rework activities have attracted considerable attention because of the
reduction of the natural resources and the rise of the cost of raw material. Rework
activities play an important role in eliminating waste and effectively controlling the cost
of manufacturing in a production system. Therefore, determining the optimal lot size in a
system that allows rework is a worthwhile objective to minimize the total inventory cost.
Besides the foregoing economical motive, rework activities were also supported by a
growing environmental consciousness. Rework activities reduce energy use, reduce the
need to landfill defective items, and save more natural resources for the future
generations, so the companies are contributing to sustainable development. Although
many researchers have studied the effect of learning or imperfect production processes on
optimal lot size decisions, little attention has been paid to the area of investigating the
joint effects of learning and the reworking of defective items on the optimal production
quantity. Thus, this study investigates the learning effect of the unit production time for
an imperfect production system. We assume that the percentage of the defective items is
a random variable with a known probability density function. All of the defective items
can be reworked to acceptable quality, and rework time is also considered in the model.
Defective items are assumed to be reworked while regular production processes are
completed. The expected total cost function is derived and a solution procedure is
established to find the optimal lot size. A numerical example is given to illustrate the
proposed model. Furthermore, sensitivity analysis is carried out in order to study the
impact of different problem parameters on the behavior of the model. Finally, we
conclude with a summary of the results and suggestions for future research.

2. NOTATIONS AND BASIC ASSUMPTIONS

The notations to be used throughout this paper are defined as follows:
0 Production lot size for each cycle (decision variable);
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Demand rate in units per unit time;

Regular production time;

Reworking time;

Time required to deplete the inventory achieved by the end of time 7;

Cycle time, T=T1+T2+T3:Q :
r

Learning rate in regular production;
Learning rate in reworking production;
logC,

log2 ’

Learning coefficient associated with regular production, b, =

Learning coefficient associated with reworking production,

Time required to produce the first unit for each cycle;
Time required to rework the first unit for each cycle;
Time required to produce the xth unit in the regular production run,

Time required to rework the yth unit in the reworking production run,

Percentage of defective items in Q;

Probability density function of £;

Inventory level of non-defective items at time ¢;, 0<¢,<7T7;

Inventory level of non-defective items at time #,, 0<2,<7>;

Maximum inventory level of non-defective items, when the regular

production process stops;

I2max
process stops;

time;

Maximum inventory level of non-defective items, when the rework

Setup cost for each production run;

Labor production cost per unit time (inspection cost is included);
Repair cost of imperfect quality items per unit time;

Holding cost for each perfect item (i.e., serviceable item) per unit time;
Holding cost for each imperfect quality item being reworked per unit

TC(Q) Total cost for each cycle;
TCU(Q) Total cost per unit time.

The following assumptions are made:

1. Only one product is considered in a single-stage production system.

2. Wright’s formulation (1936) of the learning effect is utilized to characterize
the learning phenomenon for the unit production time.

3. Throughout our present work, we assume -1<b,<0 and -1<b,<0, since, for
most practical situations, the value of learning rate is greater than 50%
(Argote and Epple, 1990; Camm, 1985; Elmaghraby, 1990; Jaber and
Guiffrida, 2004; Li and Cheng, 1994; Muth and Spremann,1983).
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The demand rate is constant.

All of the defective items can be reworked to acceptable quality. Moreover,
no defective occurs during the rework process because of careful operation
and special attention. The unit reworking (or repairing) cost is proportional
to the unit reworking time.

The inventory holding costs include all produced items (i.e. defective and
non-defective items). The holding cost of non-defective items is greater
than or equal to that of defective items (i.e. C;,;> Cj ).

All items are screened while producing, and the inspection cost is included
in the labor production cost.

A fixed setup cost is charged for each cycle.

The production rate of perfect quality items must always be greater than or
equal to the sum of the demand rate and the generation rate of defective
items. Moreover, the rework rate must always be greater than the demand
rate.

10. No shortages or stockouts are allowed.

3. MODEL FORMULATION

Consider a production system where the effect of learning is evident. A single
product manufactured in batches will be produced at an increasing rate, but it will be
consumed at a constant rate r, units per unit time. The production cycle begins with zero-
inventory and starts at time # = 0. A batch quantity Q is produced for 7; time units.
Because the production quality is not perfect, a percentage ‘4’ of imperfect quality is
assumed to occur during the regular production process (7;). The amount of defective
items produced in each cycle is Q. The rework of these defective items is subsequently
done for 7, time units, when the regular production process 7; ends. After the rework is
completed, the production is terminated. From this point on, the on-hand inventories will
be used to meet the demand. Another production run will be started when all on-hand
inventory are depleted. The behaviors of the on-hand inventory level of non-defective
items, and defective items are illustrated in Figures 1 and 2, respectively.
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Figure 1. On-hand inventory level of non-defective items.

4 Inventory Level

-

‘“«—— T, —»e Tree—— T Time

Figure 2. On-hand inventory level of defective items.

The total cost for the imperfect process discussed in this paper includes
production setup cost (SC(Q)), inventory holding cost for the non-defective items
(HCy(Q)), inventory holding cost for the imperfect quality items being reworked
(HC(Q)), production cost (PC(Q)), and reworking cost (RC(Q)). The formulations of
these costs are described in detail as follows.

3.1. Setup cost

Setup cost for each cycle is

SAQ)=C.. ()

3.2. Holding cost for the non-defective items

Under the assumptions and notations presented in the previous section, the
cumulative time to produce Q units in regular production run, 7}, can be expressed as

Ti=t(1)*+,2)+,(3)+...+1(Q)
by by by
=a,+ a12 +a13 +..+ a1Q

b1, b1 by
=aq,(112 43 +.+0 ) (2

9
_ E by
=q, X .
x=1
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An approximation can be obtained by treating Eq. (2) as a continuous function
rather than a discrete one (Camm et a/.,2004; Li and Cheng, 1994; Salameh et al., 1993;
Jaber and Guiffrida, 2004; Smunt and Meredith, 2000). With suitable limits, we have

T~ j(? ayx" dx
_q oh! 3)
b +1

Thus, the expression of Q can be found as

(b +1)

a

0-[——1, ]”‘*‘ 4)

For 0<t,<T1, the inventory level of non-defective items at time ¢, I;(¢;), can be
computed as

L(t)=(1 ﬁ)[( D, ]b‘+1 -rt) (5)

a
At time ¢,=T}, the inventory level of /;,,,, can be easily obtained that
]Imax:(l'ﬂ)Q'rTl (6)

During the regular production run, the average inventory level of non-defective
items in each cycle, AIL,, can be computed as

1
AL = 0= AL )
1
bl s bl "
+15 41 O+ b+l Ty
=(1- 1 | 7o+ _
( ,5')( ) b1+21 5

alle +1

Substituting for T, in the first term of Eq. (7), we have
1
b +2 2
Al = 1= Ly bl o on T
b +2 b +1 2
9 ) 1 (8)
O e A

During time interval of reworking production (i.e. 0<£,<7), the inventory level
of non-defective items at time #,, I5(¢,), can be computed as
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1
b,+1) b+
I(6:)=(1-p)O-rTr+ [g 61" )
a,
At time t,=T,, the inventory level of I,,,, can be easily obtained that
]2max:Q_r(T1+ TZ) (10)

Since the amount of defective items that must be reworked in each cycle is SO,
the cumulative time to rework SQ units in 7 can be calculated as

V. %)
2 b, +1

_ aszz +lﬂb2 +1
b, +1

(11

During the reworking production run, the average inventory level of non-
defective items in each cycle, AIL,, can be computed as

1

AlLy = [P0 P01 + (L)
a
(12)
b +15 0 by +1 ? rTr
=(1-B)OT, —rT\Ty + ()2t 2t 22
R
a sz+lﬂb2+l
Substituting 2—1 for 7, in the third term of Eq. (12), we have
2
a Ty
AIL=(1-H)OTT T (—2) B2 Q" " = 22 (13)
b, +2 2
From Fig. 1, T; can be computed as
1 -r(T,+T.
T3: 2max _ Q ( 1 2) (14)
r r

During time T3, the average inventory level of non-defective items in each cycle,
AIL;, can be computed as

[Q-r(G+T)T
’ 2r

AIL (15)

The holding cost (HC;(Q)) of the non-defective items for each cycle is the total
inventory level of non-defective items multiplied by the unit holding cost, and is given as
HC(Q)= Cy;( AIL;+ AIL,+ AILj)
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After some manipulations, Eq. (16) can be reduced to

2 by+2 ~by+2
. 1_ 1 2 2
HC(0Q)= Ch]'[Q_ + alle 2( 'B - ) — ale Q

2r b+2 b+1 (b,+1)b,+2)

] (17)

3.3. Holding cost for the imperfect quality items being reworked
During time interval of regular production (i.e. 0<¢,<T)), the inventory level of
imperfect quality items at time #;, [,(¢;), can be computed as
1

i +1tl)ﬁ (18)

a

L(t)= B(

In each cycle, the average inventory level of imperfect quality items during the
regular production run, A/L,, can be obtained as

1

b +1
ALy = |3 BE—1)" " dyy
@ (19)
_ a; by +2
ﬂ(—bl +2)Q

During time interval of reworking production (i.e. 0<¢,<75), the inventory level
of imperfect quality items at time 7, /5(¢,), can be computed as
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In each cycle, the average inventory level of imperfect quality items during the
reworking production run, AIL;, can be obtained as

1
AlL = [0 - (”2 “r SEREA

e2y)

= OT, -—2 5 <,6'Q)b2*2

The total inventory cost of imperfect quality items for each cycle can be
expressed as follows:

HCY(Q)= Cip:( AILy+ AILs)

b - "‘+2+ﬂQTz—b—2(ﬂQ)b2”} (22)

Similarly, after some manipulations, Eq. (22) can be reduced to

al,Ble+2 . azﬂ Qb2+2
b +2 (b, +1)(b, +2)

by, +2

HCHQ)= Cial ] (23)

3.4 Production and reworking costs

The production cost (PC(Q)) and reworking cost (RC(Q)) per cycle are
calculated as follows:

alle +1 o aszz +1ﬂb2+1

PC(O)Y+ RC(Q)=C,;T/+ C»T=C,
(Q) (Q) L1 4] L2 L2 Ll b1+1 L2 b2+1

24

3.5 Total cost

Summing the setup cost, the inventory holding cost for the non-defective items,
the inventory holding cost for the imperfect quality items being reworked, the production
cost, and the reworking cost, the total cost for each cycle can be obtained as

by +2 by +2
TC(Q) C.+C, Q_+ 1Qz)1+2(1 ﬂ 1 )— azﬁ 0 i
2r b+2 b+1" (b, +1)(b,+2)
c |:a],3Qb'+2 .\ azﬂbz+2sz+2 :|+C alQb,+1 . (25)
h2 Ll
b+2 (b, +1)b,+2) b +1
aZQbZHﬂbZH

C
2 b+l
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The total cost per unit time, TCU(Q), is determined by TC(Q)/T. Since the cycle
time 7=Q/r, one has

by +2 ~by +1
TCU(Q)=CSL+C;,1 Q+a1rQb‘“(1 ﬂ_ 1 )_azrﬂ Q +
0 2 by+2 b +1" (by+1)(b, +2)
by +1 by +2 b, +1 by
Ciz arpQ + ayrf "0 +Cpy ﬂ“L (26)
b +2 (by +1)(b, +2) b +1

aerbzﬂbZH
Cro ol
, +1

The expected value of TCU(Q) is E[TCU(Q)], where

o b+ 1-E(B) 1
Bl 1 rar T T T

Q= SEJF il _aerszrlE(ﬂszrZ) *
by + (b, +2)

¢, | Q" EB) | arQ” T EBm) | @)
b +2 (by +1)(b, +2)

arQ™ a,rQ™ E(B")
Cpi b +Cp
+1 b, +1

Our objective is to minimize the expected total cost per unit time. Thus, by
taking the first derivative of E[TCU(Q)] with respect to Q and setting the result to zero,
one has

dErCU@]_ o

do 0?

)

1 w =EB) 1 ayQ"EB”"?)
C’“{zw‘r(bﬁl)Q Chr2 ha b+ |

(28)

o | @t +DrO"EPB) | aQ"EB") ||
" b +2 (b, +2)

alblrle_l +C,, azbz”sz_lE(ﬂbZH)

C
Mol b, +1

=0

Taking the second derivative, one has
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b-1, 1=E(B) 1
a,byr(by +1)Q (—b1 D) _b1 +1)
_aybyr Q" E(BM )

(b, +2)

| @b +DO"EB) | ashyrQ™ E(™) |
" b +2 (b, +2)

o abb —Dro" ™ | ayby(by ~DrQ™ *E(B™)
L1 b 1 L2 b 1

|+ h +
ol o @b (B D" E)
3 b +2
a-brOP " E( g +2
22 Qb +2(ﬂ )(Chz_ch1)+
2

—ab (b +DrQ" " L abi(b - 1ro"

b+ +2) " by +1

ayb, (b, —=Dro"™ *E(" )
b, +1

d’E[rcu(Q)]
do?

r
:2CSE+CM +

(Chra=Cp) + (29)

Cp+

C,>0

The result of Equation (29) is positive, because 0<b,;<-1, 0<b,<-1, and Ch;>Ch,.
Hence, E[TCU(Q)] is a strictly convex function for all values of Q. E[TCU(Q)] is
therefore a unimodal function with its minimum at O=0Q*, where dE[LU*(Q)] =0.

Although the optimal lot size O* cannot be expressed in a closed form, it can be
obtained through the use of numerical methods. We propose the following simple search
procedure to find the optimal lot size.

Stepl:Let
r 1 1-E(B) 1 a,rg"E(B>"?)
=-C, —+C, x| —+ar(b +1)g" - -2 +
/(@) sz Ton {2 ar(b +1Dg" ( b2 lerl) b, +2)
C, al(bl+1)"qblE(,B)+azrqb2E(,Bb2+2) +C,, albl”qblil_F
b+2 (b, +2) b +1
c azbznlbrlE(ﬁbﬁl).
2 b, +1

Set a pre-specified relative error tolerance, & and &>0. Choose ¢, and ¢, as

two guesses for the root such that f(q,) f(q,) <O0.

+
Step 2: Set qop/= 49 .

2
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Step 3: Check the following
a. If f(q,)f(q,,)<0,set g, =q,,  Then go to Step 4.

b.If f(q,)f(q,,)>0,set g, =q,, - Then go to Step 4.
c. If £(q,)f(q,,)=0;thenthe Q" is gq,, Stop the algorithm.

+
Step 4: Find the new estimate of the root qop,:%. Calculate the absolute

approximate relative error (&,) as
new old
qopt - qopt

new
opt

& = x100 %

a

where
q :;:v = estimated root from present iteration

Id . . . .
quz = estimated root from previous iteration.

Step 5: If €,>¢& then go to Step 3. Otherwise, the root is q.,, and the algorithm is

stopped.

4. MODEL VERIFICATION

Suppose that no defective items are produced, i.e. f=0. Then Eq. (28) becomes

by b -1
dEITCUQ)_ @ 7 (o 1 raQ" o abQ" o

do s 2 (b +2) b +1

This yields the same result as derived by Salameh et al. (1993). Therefore, the
result described in Salameh ef al. (1993) is a special case of our model.

Further, suppose that all of the defective items produced can be reworked and
100% repaired, but without considering the learning effects and the holding cost of the
imperfect quality items (i.e., b;=0, b,=0, and C;,=0). Eq. (28) is reduced to the following
equation:

dETCUQN_ (o v L JHE(B) _arE(B)
dQ o ) 2

0 (1)

| .
Let aj=a,=—, and solving Eq. (31). The optimal value of Q is obtained as
p
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. \/ 2prC,
0= 3 (32)
Chlp-(1+EB)+ES))r]

Eq. (32) becomes the same result of immediate rework process model as derived
by Jamal et al. (2004). Therefore, the result described in Jamal et al. (2004) is also a
special case of our model.

Furthermore, suppose that all items produced in the regular production run are
of perfect quality and without considering the learning effects, i.e. b,=0, b,=0, and £=0,
Eq. (28) is reduced to the following equation:

dE[TCU(Q)] _C Lz ey 1 -ra, 0. (33)
dQ Q
dE[TCU(Q)] o
Hence, the EPQ can be found from d— =0, which yields
Oy = (34)

This is the same equation as that given by the traditional EPQ model, where p is

the production rate, and p=—.
a,

5. NUMERICAL EXAMPLE

A manufactured product has a constant demand rate of 60 units/day. The setup
cost is $20000 per production run. The holding costs for the non-defective and defective
items are $20/unit/day and $8/unit/day, respectively. The labor production cost and
rework cost are $1000/day and $400/day, respectively. The production rate of defective
items is uniformly distributed over the interval [0, 0.4]. The time to produce the first unit
(a;) is 0.01 day, and the time to rework the first unit (a,) is 0.008 day. The learning rates
in the regular production run and in the rework production run are 94% and 91%,
respectively. That is,

=60 units/day, C;=$20000, C,;=$20/unit/day, C;,=$8/unit/day,C;,=$1000/day,
C;,=%$400/day, /=uniformly distributed over the interval [0,0.4], @;,=0.01 day,
a,=0.008 day, a;=94%, ,=91%.

Because f is uniformly distributed over the range [0, 0.4], then the probability
density function f{f) is
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25 for0< <04

0 otherwise

f(ﬂ)={

Therefore, E()=0.2, E(B"*')=0.2431,and E(f""*)=0.06329.

By applying the proposed search procedure to solve this example, the convexity
of the expected cost function is displayed in Figure 3, and the optimal solutions are
summarized in Table 1. In addition, to see the effects of learning and imperfect
production process, we also list the results of the Salameh et al. (1993) model, and the

traditional EPQ model, respectively, in the same table. Let Q: and Q; denote the EPQ
values obtained by applying our model and the Salameh ef al. (1993) model, respectively.
It can be seen from Table 1 that Q;<Q: <O, .1t can be found that the effects of

trad.

* *
learning and imperfect production process are evident when comparing O and O, , .

This comparison reveals a reduction in the optimal production quantity of about 16.97%

455
[(1-

548

larger expected total cost than that of the traditional EPQ model. From these
comparisons, we note that if the effects of learning and imperfect production process are
ignored in the problem formulation, then it may lead to a significant impact on the results
of the proposed problem. In Table 1, it can also be found that the proposed EPQ model
has a larger Q" than does the EPQ model without considering the reworking of defective
items (i.e. the Salameh ef al. (1993) model) in order to ensure that the restriction of full
demand satisfaction is always met.

)x100%]. Furthermore, it can also be found that the proposed EPQ model has a
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Figure 3. Convexity of the cost function E[TCU(Q)].
Table 1: Results for the numerical example
O E[TCUQ)] T, T T r

Our model 455" 5532.11 2.8930 0.4561 4.2342  7.5833
Salameh er al. model 437 54756 27886 0 44948  7.2833
(i.e., f=0)
Classical EPQ model

(oo bb0 and g0y 58 4981787 54800 0  3.6533 9.1333

# 0"is rounded down to the integer with the minimum total cost.

L . . .
Without including the reworking cost.

Using the Wright’s learning curve equation, the time required to produce the
first unit in the second cycle, unit number 456, can be calculated as
log 0.94

a=0.01(456) ™** =0.0058 (days).

Similarly, the time required to rework the first unit (a,) in the second cycle is
found to be 0.0043 days. The values of @; and a, are then used to determine the optimal
quantity for cycle 2. This procedure is continued for all cycles, from 1 through 10. Table
2 shows the economic production quantities, Q", and the cycle time, 7, for all cycles. The
tabulated results indicate that the EPQ reaches a plateau of 389 units. In addition, the T
values decrease with each additional cycle the same way the optimal production
quantities decrease. The decreases in the optimal production quantity and cycle time are
more drastic between the first and the second cycle than in the later ones. It can also be
realized that the effects of learning and imperfect production process are most evident in
the early stages of production, rather than at later stages.
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Table 2: Summary of the optimal solutions for cycles 1-10

Cycle 0 T
1 455 7.5833
2 399 6.6500
3 396 6.6000
4 394 6.5667
5 392 6.5333
6 391 6.5167
7 390 6.5000
8 390 6.5000
9 389 6.4833
10 389 6.4833

6. SENSITIVITY ANALYSIS

In order to explore the effects of learning and imperfect production process on
the EPQ, we extend a wide range of values for the important problem parameters:

C,=8000, 14000, 20000, 26000, 32000;
Cp.i=8, 14, 20, 26, 32;

C,,,/=400, 700, 1000, 1300, 1600;
a=90%, 92%, 94%, 96%, 98%:

=40, 50, 60, 70, 80.
E()=0,0.1,0.2,0.3, 0.4.

The remaining parameters are assigned the same values as presented in the
previous section.

Accounting for learning and imperfect quality items alters the manufactured lot
size. The percentage change in the EPQ, PCQ, is given as

*

PCQ = (—Q’md .~ ] x100% (35)

*
trad.

* *
to demonstrate the difference between O, and Q, , .

Figures 4-9 show the graphs when the values of PCQ are plotted against those
of important parameters. The numerical results are summarized in Table 3. They are
explained as follows:

1. Figure 4 and Table 3 show that the PCQ increases substantially with the
decrease of the value of learning rates ¢;. For example, in cycle 1, as «;
goes from 98% to 90%, the PCQ increases from 2.74% to 24.09%. This
phenomenon implies that once the learning effect had occurred, the EPQ
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drops rapidly. The above results reveal again that the effect of learning
cannot be ignored. From Figure 4 and Table 3, it can also be found that if
a; is fixed, then the PCQ increases as the production system proceeds. The
main reason for this is the unit production time decrease as the number of
units produced increases because of learning.

Figure 5 shows the behavior of PCQ for different demand rates, ». When
demand rates increase, the values of PCQ increases substantially. The PCQ
is highly sensitive to changes in ». For instance, in cycle 1, as r goes from
40 to 80, the PCQ increases drastically from 7.95% to 33.67%.

Figures 6 and 7 indicate that the PCQ decreases with increased values of
E(p) or C;; 1t can also be found that the effects of £(f) and Cj; on the PCQ
are most evident at the early stages of production (i.e. cycle 1). This reveals
that production quality and the holding cost of the non-defective items have
a considerable impact on optimal production lot size.

Figures 8 and 9 show that changing C; or C;; has little effect on the PCQ in
the same production cycle. However, the PCQ value remains stable for
higher levels.

In Table 3, most of the PCQ values are more than 15%. This reveals the
effects of learning and imperfect production process on the lot size quantity
are significant.

In summary, the PCQ is highly sensitive to changes in » and «;, whereas it
is insensitive to changes in C; and C;;.

—e—cycle 1
—&—cycle 5

—a—cycle 10

90% 92% 94% 96% 98%

learning rate

Figure 4. The behavior of PCQ with respect to learning rate ¢;.
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40 50 60 70 80
r
Figure 5. The behavior of PCQ with respect to demand rate r.
35%
30% ¢ %\\Q
25%
20% r
—e—cycle 1
Q
E —s—cycle 5
—a—cycle 10

15% r

10%

5% r

0% . . . . .
0.2 0.3 0.4

E(B)

=)
e

Figure 6. The behavior of PCQ with respect to expected defect rate E(f).
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—e—cycle 1
—&—cycle 5
—— cycle 10

8 14 20 26 32
Chl

Figure 7. The behavior of PCQ with respect to holding cost Cj;.

—e—cycle 1
—&—cycle 5
—— cycle 10

8000 14000 20000 26000 32000
C

s

Figure 8. The behavior of PCQ with respect to setup cost C;.
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—e—cycle |
—=—cycle 5

—A—cycle 10

Table 3: The PCQ values for various values of a,, r, E($),C;,;, Cs, and Cy;

400

Figure 9. The behavior of PCQ with respect to labor cost Cy;.

700

1000

1300

1600

a;= 90% 92% 94% 96% 98%

cycle 1 24.09% 20.99% 16.97% 11.31% 2.74%
cycle 5 33.21% 31.39% 28.47% 23.36% 13.87%
cycle 10 33.58% 31.93% 29.01% 24.27% 14.60%
r= 40 50 60 70 80

cycle 1 7.95% 11.86% 16.97% 23.87% 33.67%
cycle 5 15.62% 21.48% 28.47% 36.75% 47.20%
cycle 10 16.16% 22.15% 29.01% 37.34% 47.87%
E(p)= 0 0.1 0.2 0.3 0.4

cycle 1 20.26% 18.80% 16.97% 14.78% 12.41%
cycle 5 29.56% 29.01% 28.47% 27.74% 27.01%
cycle 10 30.11% 29.56% 29.01% 28.47% 27.92%
Cu = 8 14 20 26 32

cycle 1 20.67% 18.32% 16.97% 16.04% 15.47%
cycle 5 30.02% 29.01% 28.47% 27.92% 27.71%
cycle 10 30.48% 29.62% 29.01% 28.75% 28.41%
Cs= 8000 14000 20000 26000 32000

cycle 1 15.32% 16.38% 16.97% 17.31% 17.75%
cycle 5 27.17% 27.95% 28.47% 28.53% 28.86%
cycle 10 28.03% 28.60% 29.01% 29.17% 29.44%
Cy= 400 700 1000 1300 1600

cycle 1 17.34% 17.15% 16.97% 16.79% 16.61%
cycle 5 28.47% 28.47% 28.47% 28.28% 28.28%
cycle 10 29.20% 29.20% 29.01% 29.01% 29.01%
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7. CONCLUSION

Reworking of defective products has received increasing attention over the last
decade. Not only a growing environmental concern and enforced legislation in many
countries but also economic incentives are driving factors behind this development. The
classical EPQ model is not appropriate when produced lots have some defective items
and the effects of learning are considered. Therefore, new models are required for more
realistic solutions in real-life problems. In this paper, we study the effects of learning and
the reworking of imperfect quality items produced on the production-inventory model.
The unit production time decreases with the increase of total units produced as a result of
learning. When regular production stops, all defective items are assumed to be reworked.
An optimal production policy that minimizes the expected total cost per unit time for the
production model is derived. We have shown that the traditional EPQ model, the
Salameh et al. (1993) model, and the immediate rework process model proposed by
Jamal et al. (2004) are special cases of our model. A numerical example has been used to
illustrate the proposed methodology. The results indicate that ignoring the effects of
learning and imperfect production process may result in production lot-size decisions
with high percentage errors. It is also found that, in the presence of learning and
imperfect production process, the proposed EPQ model has a smaller production lot size
and a larger expected total cost than that of the traditional EPQ model. In addition, the
effects of learning and imperfect production process on the lot size quantity are more
influential than that on the expected total cost. Finally, a sensitivity analysis is performed
to study the impact of different problem parameters on the behavior of the model. It is

found that the difference between Q: and Q.

and ¢;, whereas it is insensitive to changes in C; and Cy;.

Our model can provide guidelines for managerial decisions in actual
manufacturing situations and can easily be extended to a situation where some of the
defectives are not reworkable. Another extension could be to investigate the effect of
forgetting on the proposed model.

o learning 1 highly sensitive to changes in r

Acknowledgments: The author deeply appreciates the anonymous referees for providing
valuable comments and suggestions. This research was supported by the National
Science Council of the Republic of China under Grant NSC-100-2221-E-020-017-MY2.

REFERENCES

[11 Adler, G.L., and Nanda, R., “The effects of learning on optimal lot size determination-single
product case”, AIIE Transactions, 6 (1974a) 14-20.

[2] Adler, G.L., and Nanda, R., “The effects of learning on optimal lot size determination-
multiple product case”, AIIE Transactions, 6 (1974b) 21-27.

[3] Argote, L., and Epple, D., “Learning curves in manufacturing”, Science, 247 (1990) 920-924.

[4] Barketau, M.S., Cheng, T.C.E., and Kovalyov, M.Y., “Batch scheduling of deteriorating
reworkables”, European Journal of Operational Research, 189 (2008) 1317-1326.



335
[3]
(6]
(7]
(8]

[

[10]

(1]

[12]

[13

—

[14]

[15]
[16]

[17]

[18

[}

[19]
[20]

[21]

[22]

[23]

[24]

[25]

D.M. Tsai / Economic Production Quantity Concerning

Buscher, U., and Lindner, G., “Optimizing a production system with rework and equal sized
batch shipments”, Computers and Operations Research, 34 (2007) 515-535.

Camm, J.D., “A note on learning curve parameters”, Decision Sciences, 16 (1985) 325-327.
Camm, J.D., Evans, J.R., and Womer, N.K., “The unit learning curve approximation of total
cost”, Computers and Industrial Engineering, 12 (2004) 205-213.

Cardenas-Barron, L.E., “Optimal manufacturing batch size with rework in a single-stage
production system - a simple derivation”, Computers and Industrial Engineering, 55 (2008)
758-765.

Cheng, T.C.E., “An economic order quantity model with demand-dependent unit production
cost and imperfect production processes”, I[E Transactions, 23 (1991) 23-28.

Chiu, H.N., and Chen, H.M., “An optimal algorithm for solving the dynamic lot-sizing model
with learning and forgetting in setups and production”, International Journal of Production
Economics, 95 (2005) 179-193.

Chiu, S.W., Wang, S.L., and Chiu, Y.P., “Determining the optimal run time for EPQ model
with scrap, rework, and stochastic breakdowns”, Furopean Journal of Operational Research,
180 (2007) 664-676.

Chiu, Y.P., “Determining the optimal lot size for the finite production model with random
defective rate, the rework process, and backlogging”, Engineering Optimization, 35 (2003)
427-437.

Elmaghraby, S.E., “Economic manufacturing quantities under conditions of learning and
forgetting”, Production Planning and Control, 1 (1990) 196-208.

Freimer, M., Thomas, D., and Tyworth, J., “The value of setup cost reduction and process

improvement for the economic production quantity model with defects”, European Journal of
Operational Research, 173 (2006) 241-251.

Hayek, P.A., and Salameh, M.K., “Production lot sizing with the reworking of imperfect
quality items produced”, Production Planning and Control, 12 (2001) 584-590.

Hou, K.L., “An EPQ model with setup cost and process quality as functions of capital
expenditure”, Applied Mathematical Modelling, 31 (2007) 10-17.

Inderfurth, K., Lindner, G., and Rachaniotis, N.P., “Lot sizing in a production system with
rework and product deterioration”, International Journal of Production Research, 43 (2005)
1355-1374.

Inderfurth, K., Kovalyov, M.Y., Ng, C.T., and Werner, F., “Cost minimizing scheduling of
work and rework processes on a single facility under deterioration of reworkables”,
International Journal of Production Economics, 105 (2007) 345-356.

Jaber, M.Y., and Guiffrida, A.L., “Learning curves for processes generating defects requiring
reworks”, European Journal of Operational Research, 159 (2004) 663-672.

Jaber, M.Y., and Kher, H.V., “The dual-phase learning-forgetting model”, International
Journal of Production Economics, 76 (2002) 229-242.

Jaber, M.Y., and Bonney, M., “Economic manufacture quantity (EMQ) model with lot-size
dependent learning and forgetting rates”, International Journal of Production Economics, 108
(2007) 359-367.

Jaber, M.Y., and Bonney, M., “Lot sizing with learning and forgetting in set-ups and in
product quality”, International Journal of Production Economics, 83 (2003) 95-111.

Jaber, M.Y., “Lot sizing for an imperfect production process with quality corrective
interruptions and improvements, and reduction in setups”’, Computers and Industrial
Engineering, 51 (2006) 781-790.

Jamal, A.A.M., Sarker, B.R., and Mondal, S., “Optimal manufacturing batch size with rework
process at single-stage production system”, Computers and Industrial Engineering, 47 (2004)
77-89.

Keachie, E.C., and Fontana, R.J., “Effects of learning on optimal lot size”, Management
Science, 32 (1966) 102-108.



336

[26]

[27]
[28]
[29]
[30]
[31]
[32]
[33]

[34]

[33]

[36]

[37]

[38]
[39]

[40]

D.M. Tsai / Economic Production Quantity Concerning

Khouja, M., and Mehrez, A., “Economic production lot size model with variable production
rate and imperfect quality”, Journal of the Operational Research Society, 45 (1994) 1405—
1417.

Kim, C.H., and Hong, Y., “An optimal production run length in deteriorating production
processes”, International Journal of Production Economics, 58 (1999) 183—-189.

Lee, H.L., and Rosenblatt, M.J., “Simultaneous determination of production cycles and
inspection schedules in a production systems”, Management Science, 33 (1987) 1125-1137.
Li, C.L., and Cheng, T.C.E., “An economic production quantity model with learning and
forgetting considerations”, Production and Operations Management, 3 (1994) 118-132.

Muth, E.J., and Spremann, K., “Learning effects in economic lot sizing”, Management Science,
29 (1983) 264-269.

Osteryoung, S., Nosari, E., McCarty, D., and Reinhart, W.J., “Use of the EOQ model for
inventory analysis”, Production and Inventory Management, 27 (1986) 39-45.

Porteus, E.L., “Optimal lot sizing, process quality improvement and setup cost reduction”,
Operations Research, 34 (1986) 137-144.

Rosenblatt, M.J., and Lee, H.L., “Economic production cycles with imperfect production
processes”, IIE Transactions, 18 (1986) 48-55.

Salameh, M.K., Abdul-Malak, M.U., and Jaber, M.Y., “Mathematical modelling of the effect
of human learning in the finite production inventory model”, Applied Mathematical
Modelling, 17 (1993) 613-615.

Sarker, B.R., Jamal, A.A.M., and Mondal, S., “Optimal batch sizing in a multi-stage
production system with rework consideration”, European Journal of Operational Research,
184 (2008) 915-929.

Silver, E.A., Pyke, D.F., and Peterson, R., Inventory Management and Production Planning
and Scheduling, John Wiley and Sons, New York, 1998.

Smunt, T.L., and Meredith, J., “A comparison of direct cost savings between flexible
automation and labor with learning”, Production and Operations Management, 9 (2000) 158-
170.

Urban, T.L., “Analysis of production systems when run length influences product quality”,
International Journal of Production Research, 36 (1998) 3085-3094.

Wright, T., “Factors affecting the cost of airplanes”, Journal of Aeronautical Science, 3 (1936)
122-128.

Zipkin, P.H., Foundations of Inventory Management, McGraw-Hill, New York, 2000.



