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Abstact: In this paper, a pair of mixed type symmetric dual multiobjective variational
problems containing support functions is formulated. This mixed formulation unifies two
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functionals appearing in the formulation. A self duality theorem under additional
assumptions on the kernel functions that occur in the problems is validated. A pair of
mixed type nondifferentiable multiobjective variational problem with natural boundary
values is also formulated to investigate various duality theorems. It is also pointed that
our duality theorems can be viewed as dynamic generalizations of the corresponding
(static) symmetric and self duality of multiobjective nonlinear programming with support
functions.
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1. INTRODUCTION

Following Dorn [6], symmetric duality results in mathematical programming
have been derived by a number of authors, notably, Dantzig et al [7], Mond [13], Bazaraa
and Goode [1]. In these researches, the authors have studied symmetric duality under the
hypothesis of convexity-concavity of the kernel function involved. Mond and Cottle [14]
presented self duality for the problems of [7] by assuming skew symmetric of the kernel
function. Later Mond-Weir [16] formulated a different pair of symmetric dual nonlinear
program with a view to generalize convexity-concavity of the kernel function to
pseudoconvexity-pseudoconcavity.

Symmetric duality for variational problems was first introduced by Mond and
Hanson [17] under the convexity-concavity conditions of scalar functions like
w(t, x(t), X(t), y(t), y(t)) with x(t) e R" and y(t) e R". Bector, Chandra and Husain [3]
presented a different pair of symmetric dual variational problems in order to relax the
requirement of convexity-concavity to that of pseudoconvexity-pseudoconcavity while in
[5] Chandra and Husain gave a fractional analogue.

Bector and Husain [4] were probably the first to study duality for multiobjective
variational problems under appropriate convexity assumptions. Subsequently, Gulati,
Husain and Ahmed [8] presented two distinct pairs of symmetric dual multiobjective
variational problems and established various duality results under appropriate invexity
requirements. In this reference, self duality theorem is also given under skew symmetric
of the integrand of the objective functional. Husain and Jabeen [12] formulated a pair of
mixed type symmetric dual variational problem in order to unify the Wolfe and Mond-
Weir symmetric dual pairs of variational problems studied in [8].

The purpose of this research is to unify the formulations of the pairs of Wolfe
and Mond-Weir type symmetric dual multiobjective variational problems involving
support functions recently treated by Husain and Rumana [11] and study symmetric and
self duality for these pairs of nondifferentiable variational problem under appropriate
assumptions. Our duality results reported in this research extend the results of Husain and
Rumana [11] to nondifferentiable setting by introducing support functions. The support
functions which appear in the problems of facility location and related problems of
decision theory are quite significant functions amongst well known nondifferentiable
convex functions. The dual problems presented in this research are pretty hard to solve.
So, expecting any immediate application of these problems would be premature.
Unfortunately, there has not always been sufficient flow between the researchers in the
multiple criteria decision making and the researchers applying it to their problems. Of
course, one can find optimal control applications in varieties of contexts, which reflects
the utility of our models. It is also indicated that our results can be viewed as dynamic
generalizations of corresponding (static) symmetric duality results of multiobjective
nonlinear programming with support functions.
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2. NOTATIONS AND PRELIMINARIES

The following notation will be used for vectors in R" .

X<y, & X% <Y, i=12..,n
X<y, = % <Y, i=12,...,n
X<y, o X <V, i=12,...,n, butx=y

X£Y, is the negation of X<y
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Let | =[a,b] be the real interval, and #' (t, x(t), X(t), y(t), y(t)), i=12,..., p be
a scalar function and twice differentiable function where x:1 — R"and y:1 — R" with

derivatives Xand Y . In order to consider each ¢'(t,x(t), X(t), y(t), y(t)) denote the first
t, x(t), X(t), y(t), y(t) respectively,

partial derivatives of ¢  with respect to
by & .4, 4., 4,.4,, that i,

,_0¢
%= ot
i _|0¢' of  of :
¢X_{6x1'6x2""'6xn} b
i _|0g' o of i
£ [ayl’ayz""'ayn}' g

_| o4 o 04"
ek Tox, T ox,
-{Mi o4’ o¢'

oy, oy, oy,

|

The twice partial derivatives of¢i, i=12...,p with respect to t,x(t),

X(t),y(t)and y(t), respectively are the matrices

i 62 i : 62 i
¢xx = 6—¢ ’ ¢x>’< = ¢ J ’
kas nxn axkxs nxn
: 62 i : 62 i
¢><y = ¢ ) ¢>‘<y = A ¢ j )
aXk ys nxn axk yS nxn
i 62 i : 82 i
¢yy = ¢ 1 ¢yy = —¢j Il
6yk ys nxn ayk yS nxn
Noting that

d i i i i i i
E¢y :¢yt +¢yyy+¢yyy+¢yxx+¢yxx

i _[ 0%
¢xy - [6Xk ys
i _[ 0%
¢Xy - (axk ys
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and hence

o d d
8ydt¢ ¢W'8ydt¢y_dt¢yy Py dy dt¢ =%
o d d o d d o d
—_), =—¢,, —Q, =—@Q, +O@.,, —— @, =@,
ox dt % dt P ox dt g dt P+ 9 ox dt by =y

In order to establish our main results, the following concepts are needed.
Definition 1. (Support function): Let K be a compact set in R", then the support
function of K is defined by

s(x(1)|K) = max{x(t)'v(t):v(t) e K te |

A support function, being convex everywhere finite, has a subdifferential in the
sense of convex analysis i.e., there exists z(t) eR" ,tel,such that

s(y(®)[C)-s(x®|C) = (yt)-x®)" z(t)

From [15], subdifferential of s(x(t)|K )is given by

as(x(D[K) ={z(t) e K, tet|x(t) 2(0) = s(x(V[K)}.

For any set I' = R" , the normal cone to T at a point x(t) e I' is defined by
yO(z(t)-x(t)) 0.vz(t) e

It can be verified that for a compact convex set K, y(t) € Ny (x(t)) if and only if

Nr(x(t))={y(t) eR"

s(y(t)|K)=x(t)T y(t) , te

Definition 2. (Skew Symmetric function): The function h:IxR"xR"xR"xR" - R is
said to be skew symmetric if for all Xand Y in the domain of hif

h(tx(8),x(t), (1), y (1) = =h(t, y (1), y(t) x(1). (1), te |

where Xand Y ( piecewise smooth are on | ) are of the same dimension.

Now consider the following multiobjective variational problem (\VVPo):

(VPy) Minimize j F(t,x, X)dt

Subject to
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x(a)=a, x(b)=p
g(t,x%)<0,tel,

where F:IxR"xR" - RPand g:I1xR"xR" - R".
Definition 3. (Efficient Solution): A feasible solution X is efficient for (VPo) if there
exists no other feasible X for (VP) such that for someie P ={12,..., p},

IF‘ (t,x,%)dt <‘[Fi (t,i,?)dt forall i eP.
| |

and

ij(t,x,X)dtifFj(t,Y,?)dt forall jeP, j=i.
|

3. STATEMENT OF THE PROBLEMS

For N={12...,n} and M ={12,..,m}, let
JeN,LeM,J, =N\JandL, =M\L, . Let |J,|denote the number of elements in the

subset J,. The other symbols |J,|,|L|and |L,| are similarly defined. Let x*:1 — R and

X:1 >R, then any x:1>R'can be written asx=(x',x*). Similarly for
y':1 - RMand y?:1 >R%can  be  written as y=(y,y®). Let

f:1xRPM xR4 5 RPand g:1xRP xR" - RPbe twice continuously differentiable

functions.
We state the following pair of mixed type multiobjective symmetric dual
variational problems with support functions involving vector functions f and g .

(Mix SP): Minimize: .[(Hl(t,xl,xz, yLye KK Y YR 2 2 A,
|

HP (t,xl,xz, VT o G Al zl,zz,i))dt

Subject to:
x'(a)=0=x'(b) , y'(a)=0=y'(b), 1)
x’(a)=0=x*(b) , y*(a)=0=y*(h). 2

Zp:ﬂvi[fyil (tvxl,xl,yl,yl)—zil(t)— nyi1 (tyxl,xl’yl’ yl)Jio tel, 3)

i=1
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Zﬂ,‘ [g‘yz (t.x*,%,y%,y%) -2 (1)-Dg., (t,xz,xz,yz,yz)]io tel, (4)
jyz(t)T[_p ﬂ‘(g;z(t,xz,xz,yz,yz)—zf(t)—Dg;z(t,xz,xz,yz,yz))};o, (5)
(¥(t). % (1))>0  tel (6)
zi(t)eK!and Zz'(t)eK?, 7
A>0, Ae=1,¢e" =(L....1). (8)

H = f‘(t,xl,xl,yl,yl)+ g' (t,x2,>'<2,y2,)‘/Z)Jrs(xl(t)|Cil)+s(x2 (t)|Ci2)
—yl(t)Z::ﬂ‘[fyil (t,xl,)tl,yl,yl)—zil(t)—ny‘1 (t,xl,xl,yl,yl)]
—z ()Y (H)-2 () y*(t)

(Mix SD): Maximize .[(Gl(t,ul,u2,vl,vz,ul,uz,vl,vz,vvl,wz,/1) .....
|

GP (t,ul,uz,vl,vz,ul,uz,\'/l,\'/z,\/\/l,wz,/i))dt

Subject to:
u'(a)=0=u*(b) , vi(a)=0=V'(b), 9)
u*(a)=0=u’(b) , v*(a)=0=Vv*(b). (10)
im[fuz (tuh, 0" v, 01+ (1) - DFS (LUt 0 v V) |20, tel (11)
,Zp:;ﬂ[glz (t,u?,u?,v2,v?)+ ? (t)- Dg’, (t,uz,uz,vz,vz)]zo tel, (12)

I
LN

J‘uz(t)T [glz (t,uz,uz,vz,vz)+a)|2 (t)-Dg.. (t,uz,uz,vz,vz)}io Jtel, (13)
(V'(t).v*(1))>0, tel, (14)
o (t)eCland @&’(t)eC? | (15)

A>0, Ale=1,¢€" =(L...,1), (16)
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where,
G'= (X, X,y ¥ )+ g (6, %0, ¥, )

+s(vl (t)| Ki1)+s(v2 (t)| Ki2)+ul(t)a)il (t)+u?(t)w’ (t)
—u (t)Z::ﬂ‘ [ i (65,59 )+ @ (1) - D (8, %, v, ¥ )

4. MIXED TYPE MULTIOBJECTIVE SYMMETRIC DUALITY

In this section, we present various duality results for a pair of mixed type
multiobjective symmetric problems, (Mix SP) and (Mix SD) under pseudo-concavity-
pseudo-concavity assumptions.

Theorem 1. (Weak Duality): Let (x*(t),x*(t),y"(t),y* (t),z'(t),2° (), 2) be feasible
for (Mix SP) and (ul(t),uz(t),vl (1), V2 (1), o(t) @ (t),}t) be feasible for (Mix SD).

Assume that

(H,): for each i .[{f‘(t,.,.,yl(t),yl(t))dt be convex in x*,x* for fixed y*, y* and
|

I{f‘(t,xl(t),xl(t),.,.)dt be concave in y*, y*on | for fixed x!,x" .

(Hz):zp:ﬂ,lj(glz (i Y2 (1), 97 (1)) +( ) @ (t))dt pseudo-convex in x?,x* for fixed

p A (gt (X2 (t),%%(t),..)—( ) z2(t))dt pseudo-concave in y? y>for fixed
Z 1 i
i I

det,{det.

where H =(H*H?.,H',.., H?) and G =(G",G’,...,.G',...G").
Proof: Using the convexity of eachj f'(t,.,.,y,y)dt in (x,%)for fixed(y,y), we have
|
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J' fl (t,xl,xl,vl,vl)dt—j F1(tut ot v, vt dt
|

j[(xl(t)—ul(t))T £ (LUt U VL) + (3 (8~ (1) £ (t,ul,ul,vl,\'/l)]dt

".-[(Xl (t)-v (t))T {fui1 (t'ul,ul,vl,\?l)_ Df (t,ul,ulyvly\'/l)}j|dt
(¢ (O)-w(0) £ (bt o i)

Using (1) and (9), this yields
I f! (t, X, )'(l,vl,\'/l)dt—J f! (t,ul,ul,vl,\'/l)dt

Z.I[[(xl (t)—ul(t))T { f (t,ul,ul,vl,vl)— Df | (t,ul,ul,vl,\'/l)}}dt

Il [\

+

t=b

A7)

Also by concavity ofj{ f' (t,xl (1), % (t), ., .)dt , We have
|
—I f‘(t,xl,xl,vl,\'/l)dt—j f‘(t,xl,xl,yl,yl)dt
|

i '

v

I

+(vl(t)—yl(t))T fyi1 (t,xl,Xl,yl,yl)

1

(A0 O) (007 (70 =5 O) £ (10577 o
(40 =y* O) {1 (6897 =D (25

=a

t=
t=b
which by using (2) and (10), gives
—I f‘(t,xl,xl,vl,vl)dt—I f‘(t,xl,xl,yl,yl)dt
| |

—.[[(vl (t)-y' (1)) { f (6 v ¥ ) = DF L (15 v yl)}}dt

(18)

v

The addition of (17) and (18) implies
jf‘(t,xl,xl,yl,yl)dt—J f! (t,ul,ul,vl,\'/l)dt
| |

> j[(xl (t)=ut () { £ (tut ot v V) = DF g (tu 0 v v )}

~(V(t) -y (1)) {fyz (tx' 5,y ¥t ) = DEL (x5 v yl)}}dt
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—Evl(t))T fyil(t,xl,xl,yl,yl)—nyil(t,xl,xl,yl,yl)}
(v (O) {11 (62650, 2, y7) - DF (1.6, %y, 3 }]dt
Multiplying this by A" and summing over i , i=12,..,p , we get
Zp:/l,j fi(t,xl,xl,yl,yl)dt—zp:i,j R ATV
|
> j[(xl(t))T 3[4 (L 087) - DFS (1480 )
.

{fuil (t'ul,ul’vl,vl)_ Dfuil (t'ul'ul’vl'\-ll)}

-~

{fy‘1 (tx 5,y ¥ ) =Df ) (8, X yl)}

-~

L
<r—\
=
=
(NG NG Ny
=~

I
5N

|
—
1
—
>
-
—~
—
~—
~—
4
n M‘c
=~

—(u1 (t))T Zp:il { fl (t,ul,ul,vl,\'/l)+a)il (t)-Df (t,ul,ul,vl,\'/l

—(v* (t))T Zp:ﬂ,l { £ (6, Xy ¥t ) -2 (1) - DF ) (¢, 3 v 3
i=1

+(y* (t))T Zplil {f‘1 (t,x1,>'<1,yl,yl)—zil(t)—ny‘1 (tx %yt v

Using (3), (6), (11) and (14), we get

L1 (60,5, 31 = DR (1,5, ¥ YI)}}“

{fu‘1 (tut,ut V' V) + o (1) - DI, (1,0t v v

395
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DA ()= () A (51 5) =2 (0D (12, )

> .Zf:i'*[[ f! (t,ul,ul,vl,vl)—(ul(t))T iz::i, { fl (t,ul,ul,vl,\}l)+a)i1 (t)-Df (t,ul,ul,vl,vl)}

and
s(v () Kz (v (t)) 2, i=1,..., p, this yields
iZi:ﬂu,][[f‘(t,x1,>‘<1,yl,)’/1)+s(x1(t)|Ci1)
—(y* (t))T inl:ﬂ,l { fyi1 (t,xl,xl, v yl)—zil(t)—nyi1 (t,xl,xl,yl,yl)}—(yl(t))T z}(t)}dt
2 DAL (1ot ) s( 0]

~(u) Zpl:ﬁ, {15 (Lun, ot v V) + @ (1) - DF, (6%, 0% V0 )|t (1) of (1) ot (19)

From (12) together with (6) and (13), we have

I{(xz (t)-u? (t))T izpllil (gf12 (t,uz,uZ,vz,\'/Z)—a)i2 (t)-Dg.. (t,uZ,UZ,VZ,\'IZ ))dtzo

Which integrated by parts implies

p

] {(xz (-1 (0) 24 (9): (L. 0% v".9%) -of (1)

(3 (t)-u? (1)) iZ::ﬂ,,gfjl (t,uz,uz,vz,vz)}dt

>0

t=a

p

—(x2 (t)-u? (t))T D A9 (t,uz,uz,vz,\'/z)

i=1
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Using (2) and (10), we have

f{(xz (©-0 (1) L4 (9], (b7 020°) - of 1)

| i=1

(e (0)-u (1) 2 Ag, (t,uz,uz,vz,vz)}dt >0

i=1

By pseudo-convexity of Zp:i, .[(glz (t, RN ) + ()T o? (t))dt , this yields

i=1 |

pl ﬂﬁ'[(g‘uz (6.X2, %2 v2 V) + 52 (1) o (t))dt
o (20)
ZAJ‘(gLZ (tu?,u0%,v* V7 ) +u? (t) o’ (t))dt

i=1 1

From (4) together with (14) and (5), we have

[l (#0)-y )

S[GCRE0)
HE (-7 (1) L Ag, (t,XZ,XZ,yZ,yZ)}dt

v

T

ﬂf,(giyz (t,xZ')‘(zlyz,yz)_ziz(t)_Dgiy2 (t.XZ,XZ,yZ,yz))dtéo

M=

I
2N

p .
4 (1) -2 1)

HVE (-5 (O) D AG (6, )} dt<0

]
[N

By pseudo concavity ofj A (giyz (t, X2, >'<2,.,.)—(.)T 7 (t))dt , we have
) <

I
[N
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p ﬂ1f( (%7, %° V2 v7 ) - vz(t)rzf(t))dt
”I (21)
>- .I( (6 X0y ) -y (1) 22 (1) ot

i=1

From the relations (20) and (21)
3] ( v (0] 5 1)
J( (1% - (0 2 (1)
*?ﬁf (03 (60", 02 2,07 —u? (1) W (1) ot
i”zf(g (1%, y7, 37+ (3 (0] CF) - y* (1) 2 (1) ot

> ZAIJ‘( (L0, v v ) - s(v(t)| Kf)+u2(t)T vvf(t))dt.

i=1

(22)

Combining (19) and (22), we get

S ()0 (o sl 0]

+(y' (1) ZH( (80X 9 ) =2 ()= DF ) (80,37, 7))

P20V O]

>ZAI[ (00 ) g (02,0202, — (P ()] KE ) (v (1) 2)
O SAJ( (0008 (0D (0

+(u1<t>)T ol (1) +(u* (1)) of (1) .

That is,
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This yields

[Hat £ [Gdt

Theorem  2:  (Strong  Duality):  Let  (X'(t),X*(t), V' (t), V* (1), Z (1), Z, (t)
..... 7, (), 72 (1), Z7 (t),..., 23 (t), 1) < be an efficient solution of (Mix SP). Let =1 be
fixed in (Mix SD). Furthermore assume that,

(C:
.I{(¢l (O) (771, (L7574 7)-DA" £, (63X, 74, 7))
_D[(¢l ) (-D7" 1, (t,fl,x*l,yl,yl))}
+D? [((ﬁl ) (271, (t,il,x*l,yl,yl))]}wl (o) di0

and

JH{EO) (Ta,, (1525, 5%52)-DT"g ., (170575, 57))

~D¢* ()] (-DATg,., (LREETELT))+D ( (<270, (17450, T2,57) ) (1) a0,

(C):

,j {Wl ) (A7F,, (L% 7, 7) DA £, (L3 7,7, 7))

‘D[(¢l (1) é(—DZT £ (t,Yljl,ylyyl))}

o (¢ 0) ST, (t,71,?1.71.?1))}}(¢1(t))T fo0telm A(otel
and

HW (©) (279, (6% X%, 5°,¥7) D2 g0 (L3257, 77, 7))
Ol %Y 5)
| e a-oser=fr-ote

A
-D

x|
x|

_D¢2 gy2y2 (t'

9,0 (t

|
~
|-
~
<l

/TT
+D?¢’ (t) (_/Tr
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(C): g, (t,iz,iz,yz,?z)JrcT)f(t)—Dgiyz (tx*%*,¥%,7), tel,i=1..p
are linearly independent.

Then (X*(t),X* (1), ' (t), V2 (1), @. (t), @; (t) ..., @, (1); @ (1), @ (¢), ., @; (), A) is

feasible for (Mix SD) and the objective functional values are equal. If, in addition, the
hypotheses of Theorem 1 holds, then there exist @, (t), @, (t).... @, (t) ; @, (t), @, (t)..... @, (t)
such that (u*(t), u” ©),v' (1), V' (1), @] (1), @, (V) ... &} (1); @ (1), @, (1), . @ (1), 7 )
=(X'0).X M),V 0.V 1)@ (t), & ),... %, (); & (1), @ (t),...@.(t),4) is an efficient
solution of dual (Mix SD).
Proof: ~ Since  (X'(t).x"(t).¥'(t). Y’ (t).Z' (). (t)....Z, (t). Z* (). Z'(t),... 22 (t)2) s
efficient, it is weak minimum, there exist 7reR",neR’ 7 eR,
6't): 1 > RN 6% (t): 1 > R* and a(t) e R™ , A(t) e R™ such that the following Fritz-
John optimality conditions [9] are satisfied

Zp:Ti ( fxil (t'Yl'?1,y1,71)+51i (t)— Din1 (tjllx;llyljl))

i1
+(91 rey )TZ": ( 11(t,Y1,X;1,71,?1)—Df;1X1 (t,YI,Yl,Vl,?l))

i=1
L £, (6% %5 §*) - Df (t’fljl’Vl’?l)J] )

f;lxl (t,fl,X;l’yl'?l)

i=1

—D[(Hl —zey( )sz:/il

+D{(¢91(t)—re71(t))T Zp:/l, (~fhe (t,Yl,?l,Vl,vl))}—a(t):O tel

Z(giz ) (t,YZ,Y.Z,VZ,?Z)— Dg;zxz (tjzj'z,yz,?z))
1
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Zp:(z_i —TTEZI)( ]cyi1 (t,Yl,X;l,Vl,?l)—Zl (t)— nyi1 (t,yllx;l'yl,?l))

i=1

(6 () -"ey (1)) ZPZZ,(fy‘lyl (%%, 9%, ¥") - Df L (65,375 7))

s (25)
—D[(al(t)—rTeyl(t)) ;Z'(_Df L (t.x4x, v yl))}
+D2[(€1(t) rTeyl(t))T IZpl:ZI( fy'“(t XXy yl))}—o tel
i(ru _Mﬁ)(giyz (t,Yz %2 72,72)_22(0_[)9;2 (t X2,%2, V2 72))
O O)-9 O] SA{a, (1580, 5°.57)-Dg (15 2. 5°)
i-1 (26)

o (LX° X%, ¥, ¥°) -2 (t)—Dg‘sz (27)

o, (i (LXXL YY) -z (t)-Df,
Hl(t)Tzﬂi y_(l L ) (t) " 1=0,tel (28)
i=1 t,X X ry ’y )
p g, (t,x%,x%, ¥, y° -z (t)-Dg,.
0* ()24 y_(z v2 2 e e -
i=1 (t,X , X ay ’y )
9, (L.X%%%,¥*,¥*) -7 (t)- Dy,
yy?(t)zp:i. b )= (t)-Dg, =0,tel 30
i-1 (t X2 72,72'72)
UT/I:O (31)
a(t) ' (1)=0, tel -

B(t) X2 (t)=0,tel (33)
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V(1) e N (7' (1) . tel

(34)
53 ()67 (1)-77* (1)) e Ny (72 (1)) e @)
@(t)eC, , (a'(1) % (t)=s(x*(1)c,) . te (36)
@ (1)eC, , (a°(1)) X*(t)=s(X*(1)C,) tel 37)
(.0"(1).6% (). (t). B(t).n)2 0 tel (38)
(7,04 (1).6%(1). 7. (). B(t).n) 20 e | 39)

Since 4 >0, (31) impliesz =0 . Consequently, (27) reduces to
(¢ (0)-("e)y* (V) ( T (L3, 7 7) -2 (1) - DF ), (65,3, 75 7))
gi2 t'iziiziyz'?z _ZZ t (40)
+(0*()-ry* (1)) ( )20 =0, tel
_Dg;,2 (t, XZ, )~(2, y2’ yZ)
Postmultiplying (25) by (&' (t)-z"ey* (t)), (26) by (6°(t)—yy*(t)) and then
adding, we have

{Zp:(z_i —rTeZI)( fyi1 (t,yljl,yl,?l)_zl (t)— nyi1 (tjljlyylyvl))

i=1

(6 ()-"evt (1)) ZP:Z, ( ti (6% Y, V) -Df L, (t,Yl,Yl,Vl,Vl))
i=1

of(ew-rar o] $ilon, (x99

+D? [(91 (t)-"ey* (1)) iz (<5 (635, 71,71))}}(91 (1)-7"ey' (1))
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Tl ; " (41)
—D[(ﬁz (t)=7Y*(1) 4 (-Dayy,: (1%, %%, 97 72))}
+D{(02 (t)-792 (1)) ii.(—g;zyz (%2, %277 —2))}}(92 (t)-7¥* (1)) =0
tel.
Multiplying (40) ' and then using (29) and (30), we obtain
. fil(tyylyil,yl,VI)_Zl(t)
6 (t)—rey" Al =0, te
( (t) TEY (t)) ; I{—Df;l(t,fl,?l,yl,vl) tel
e fil(tyilyil,yl,?l)_zl(t)
6" (t)-rey’ Al Te=0, tel 42
(6" (t)—rey* (1)) le I{—ny_il(t,xl,)'(l,yl,yl) ]r e=0, te (42)

J {(el -y (1) 37 ( R F)-H - nyil}Te}dt o

(tx %y Y)

Multiplying (40) by 7' and summing over i, we have

!(al(t)—reyl(t))ir‘(fy‘l (tX X5 ¥")-7 (t)-Df} (t,il,?l,yl,?l))
) (%2, %2, ¥, V2 )22 (43)
+(92 (t) _772 (t))zri (?Eszz (t,72’;2’;2 ,)?2) (t)] dt =0,

i1

By subtraction of (42) and (43) and then using (29) and (30), we have

H(éﬂ(t)—reyl(t))T iz::ri (f (XX 9 9) =2 (1) - Df ) (LXK V4. 7)) (< - (Te) &)

e U AN T (44)

From (41) and (44), we obtain
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jz (1L, (63X, 5, 5)-Df L, (654547, 7))
_D{(el (t)-7"ey* (1)) Y7 (-of, (t,Yl,x;l,Vl,?l))}
i=1
+D? {(al (t)-7"ey* (1)) 7 (~fhy (t,Yl,Y'l,Vl,?l))}}(el (t)—z"ey (t))dt
1

In view of the hypothesis (C,), we have
(e 0-rs ) TA(17, (150590t (125
-0|(0()-'e (O] A (01 (1255
+D2[(61<t>—fevl<t>fiﬂ?(—f;w (t,ﬂ%7%71))}}(9%0—%71(0)&=o,

and

From this, in view of the hypothesis (C,), we have

¢ (t)=6"(t)-7"ey' (t)=0, tel (45)

¢ (t)=6*(t)-ry°(t)=0,tel (46)
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From (46) and (26)

p . _— . . . .
(= 7A) (9, (LF57°.57) - (1) Dy, (1777, 57. 7)) =0

i=1
In view of hypothesis (Cs), we have

t=yk , i=L..p (47)

If possible, let, » =0. From (47), we havez =0, and therefore, from (45) and (46), we
have

#'(t)=0, ¢*(1)=0, tel

Also from (23) and (24), we have a(t)=0=A(t), tel .

Hence (7, 8%(t), 02(t), 7, a(t), B(t)) =0, contradicting Fritz John condition
(39).Hence y >0 and, consequentlyz >0. From (23) and (24) along with (47), we
obtain

Zp: 2 (F XY V) + @ (1) - DEL (L% XL 7L V) —a) =0tel  (48)
and
Zp:/?(giz(t,72,72,72,72)+5)i2(t)—Dg;z(t,YZ,X;Z,VZ,vz))—,B(t):O,teI (49)

In view of (38) this, yields
b i 1 1 1 F1 1 f 1 1 1 F1 O (0)
Z/l'(fxz(t,x,i,y,y)+c?)i(t)—D;1(t,7,Y,7,7))z tel 5
Z/l'( L (LX° %, Y%,9°)+ @ (1)-Dgl (1X°, X%, 7%, 7°))20 , te (51)
and, in view of (32) and (33) together with (6) it gives,

X () iZ‘ ( fL(Lx XL ¥5 ')+ (1) - Df (t,Yl,il,Vl,vl)) =0,tel (52)

I
AN

%2 (t) Z‘(gixz (t%°,X%,¥°,¥°)+@’ (t)- Dyl (t,X*,X°,y*,¥°)) =0,tel  (53)
1

jiz(t)TZp:Z‘(g;Z (t%°,%°, ¥, )+ @ (1)- Dyl (t,X*,%*,7%,¥*))dt =0 (54)
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From (45) and (46), we have

(v"(). Y2 (t))>0 tel

7 (1) p 21 (6% %54 7) -2 (1) - D (6% 7, 5, 1) ] =0 (55)
Also from (34) and (35), we have

VHOT M) = s(YH (t)‘ KY) | tel,i=12,..,p (56)

V2(0)" Z2 () = s(V° (t)‘Kﬁ) L tel,i=12,..p (57)

Consequently, from (51), (54), (55) and (56), the feasibility of
XO.X 0,70, V0. Z 0.2 1) 1. 0 0, ZZ (1), 75 (1), A) for (Mix SD)

follows.
Consider,

H' = f' (t,Yl,Yl,71,7l)+ g' (t,Yz,?z,72,?2)+s(71(t)|ci1)+s(72 (t)|Ci2)
_71 (t)T iﬂ’i I: fyi1 (t’fl’x;l'yllvl)_zl (t)— nyi1 (t'fllil,yl,vl)}
-V (1) 7 (0= () 7 (1)

Using (35), (36), (54), (56), (57) and (58) in proper sequence, we obtain

H = fi(t’yl'illyl'?l)_*_gi (t,Yz,X;z,Vz,?z)
—s(7 O]k (7 (0] K7 )+ %0 @ ()7 (1) @ (1)

X () 1] (L3055 -l (6)-DF (L7

i=1
=G' fori=12,..,p

Therefore,

I(Hl,HZ,...,Hi,...,H " )dt =j(Gl,GZ,...,Gi,...,Gp)dt

| |

This proves the efficiency of
(®(t),X* @), V' (), V(). @ ), @5 (t) ... @y (1); @] (), @; (t),.... @ (1), ) of the dual
problem (Mix SD) by an application of Theorem 1.

The proof of the following converse duality theorem follows automatically by
symmetry of the formulation:
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Theorem 3: (Converse Duality): Let (X4, X2%, 7,72, @ (1), @ (t)
..... @, (t); @ (1), @; (t),...,@; (t), A) be an efficient solution of (Mix SP). Let A = 1 be

fixed in (Mix SD). Furthermore assume that
(A):

I{(V/l (t))T (/TT fx1x1 (t’yl'?l’yl’?l)_ DT f;(lxl (t,Ylyilavlvvl))
|

—D[(l//l (1) (-DA" f . (6% %, 71,71))]

02| (v (V) (771, (t,Yl,?l,Vl,?l))]}(y/l (1) dt >0

and

(Ay):
I{(Wl (t))T (ZT fx1x1 (t’yl'il'ylivl)_ DAT f,(lxl (t,il,?l,yljl))

—D[(l//l (1) (-DZ" £, (LR R, 71’71))}

+D? [(z//l () (-2t (t,il,?l,ylil)):”(l//l (t)) dt=0tel=y'(t)=0,tel

and

and
(Ag): gl (6X%,%°, 7%,V )+ @ (1)-Dgl, (1.X°,X*,y*,¥*) , i=1..,p are linearly
independent.



408 I.Husain, R.G.Mattoo / Mixed Type Symmetric

Then (X*(t), X (), '), V(). 20 (). 2 (). 73 (1), 22 (1), 27 (t),.... 2} (1), 2 ) s
feasible for (Mix SD) and the objective functional values are equal. If, in addition, the
hypotheses of Theorem 1 hold, then there exist

7 (t),Z;(t),.. Z, (1) Z (1), Z; (t),.. Z; (t) such that

(ul(t),uz(t) VI VA (), 21 (1), 2 (1) e 2 ()5 20 (1), 25 (1) e p(t),/i)
=(X' (. X (1), V' ). Y (.2 (1), Z (1), 5 (1): 7 (1), ZF (1), 25 (1), )
is an efficient solution of dual (Mix SD).

5. SELF DUALITY

A mathematical problem is said to be self-dual if it is formally identical with its
dual. In general, the problems (Mix SP) and (Mix SD) cannot be formally identical if the
kernel function does not owe any special characteristics. Hence, skew symmetric of

f'and gi is assumed in order to validate the following self-duality theorem for the pair
of problems treated in the preceding section.
Theorem 4. (Self Duality) Let f'andg',i=12,..., p, be skew symmetric and C' = K
and C’ =K? with o (t)=7(t), o’ (t)=2’(t),tel . Then the problem (Mix SP) is
self dual. If the problems (Mix SP) and (Mix SD) are dual problems, and
(X" (1), %% (1), ¥ (1), V2 (1), 2 (1), 25 (1), 25 (1): 22 (1), 27 (1), Z2 (1), A )is & joint
optimal solution of (MixSP) and (MixSD), then S0
is('(1), ¥ (1), X (1), X* (1), @ (1), B3 (1), ... @y (1); @ (1), @; (t),... @3 (), 4) . and  the
common functional value is zero, i.e.
Minimum (Mix SP) = f{ (6% X 57 ) + ¢ (t,iz,iz,yz,?z)} dt=0

|

Proof: By skew symmetric of f'andg', we have

fL (6% (1), % (1), V' (1), V' (1)) = - fl (65 (1), V' (1), X' (1), X (1))
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(6707 (1), 70,5 (1) =~ £ (670, 7 (0.7 (0. % (1)
g% (672 (), %7 (1,97 (0,97 (1) = -0l (L 720 (0 2 (). %° (1)

Recasting the dual problem (Mix SD) as a minimization problem and using the
above relations, we have

Subject to
x'(a)=0=x'(b) , y'(a)=0=y'(h)
¢(@)=0=xX(b) . ¥*(a)=0=¥(b)

S 1 (19854 7K) - (1) - DF (654 7.7 K) <0 e

(v (1).v°(1))>0, tel
@ (t)eC! and @ (t)eC?
A>0, Ale=1, ¢ =(L...1)
also,
G :_fi(tyyl,xélyyl’?l)_gi (t,72,7.2,72,72)
~s(5H (0] K )~ 72 (0] K2) - % (1) @ (1) - %2 (1) @2 (1)

+x (1) iz::/? [ f1(LX X, ¥ Y') - (t)-Df | (t,il,il,vl,vl)]

Y (6, YR %) -4 (1) - D (67 7% X)
i=1

— Hi(t,Vl,Vz,?l,y

Hence, by using various hypotheses of this theorem, we have
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(MIX SP-1): [(H*,H?,...H?)dt
Subject to
x'(a)=0=x'(b) , y'(a)=0=y'(h)

x*(a)=0=x*(b) , y*(a)=0=y*(b)

—_—
<l
~
—~~
—
~—
3
M-
|
—_—
«
<, -
—_
—
Pad
~
|
~
<l
~
<
S~
|
N
~
—
—
~—
|
)
«Q
<, =
—_
—
X
~
x|
~
<
~
<l
~
~
~—_—
| I |
v
o

7' (t)eCl and 7Z7(t)eC’ ,i=12,..p
A>0, Ale=1, ¢ =(L...1)

which is just the primal problem (Mix SP). Therefore
(X" (1), %% (1), ¥ (1), V2 (1), 2 (1), 25 (1), Zp (1): 22 (1), 2 (1), 22 (1), ) i an
efficient solution of dual problem, which implies that
(7" (1), ¥° (1), X" (1), X (), 2 (1), 2, (1), T3 (1): 22 (1), 2 (1), 22 (1), ) i an
efficient solution of the primal.

Similarly (X' (t), X*(t), V*(t), Y (1), Z* (1), Z, (1) ... Z, () Z2 (1), ZZ (1), ... Z2 (), A) i
an efficient solution of (MixSP), which implies that
(V' ), Y (), X" @), X (), Z ). Z, (1) ... 7, (1), Z2 (), Z7 (1),..., 25 (t), 1) is an efficient
solution of the dual problem (MixSD).

In view of (36), (37), (54), (56), (57) and (58), we have

N

Minimum (MixsP) = [{ £*(t, X, %", 7. 7*) + ¢* (t %*, %, 7,
|

o P (U378, V) + 07 (X7, 52,77, 7)ot
Corresponding, to the solution @}  C;", we have

Minimam (Mix $7) = (107775 16115 7,56

TR R0 (T
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By the skew-symmetry of each f', we have

j{fl(t,il,iz,yl,?2)+ o' (t.X% X%, Y2, ¥, £ (LXEXE Y ,72)+gp(t,izjz,yz,yz)}dt

=[OV V) + @ (67777 X0 £ (LT 750 + 0P (677, V2,10, X° ot
|

=—[{ (XX VL) + g (LXK 0,97 £ (60X, 77,77) + 0P (13X, 52,97 dt =0

5. SPECIAL CASES
If J,=0, L,=0, the pair of mixed type nondifferentiable symmetric dual
problems (Mix SP) and (Mix SD) are reduced to the following Wolfe type

nondifferentiable symmetric dual variational problem (WP) and (WD), recently studied
by Husain and Rumana [10].

R

(SWPo): Minimize: [(Hg, HJ,.... HJ) dt
i
Subject to:
x'(a)=0=x'(b) , y'(a)=0=y"(b)
Zpl:/l‘ ( fy‘1 (t,xl,xl, v yl)—zil(t)—ny‘1 (t,xl,xl, v yl)) <0,tel
zi(t)eCl,i=1..,p, tel
x'(1)>0, tel

Aen ={1eR’|A>0, Ae=1e=(11...1) eR’|
where,

1. H(i) = fi (t,Xl,)'(l, y1’ yl)+S(Xl(t)|Cil)

—yH(t) 2/1‘ ( f, (t,xl,xl, v, y1)+ z} (t)-Df, (t,xl,xl, v, yl))—yl (1) z:(t)

(SWDo): Maximize: j(e},,eg,...,eg’ )dt
|
Subject to:
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u'(a)=0=u'(b) , vi(a)=0=Vvi(b)

Zp:/v ( fy (LUl,lJl,Vl,\7l)+a)il(t)—Dfui (t,ul,ul,vl,vl)) >0, tel
i=1
@ (t)eK' i=1..,p, tel

v(t)>0, tel

AeA’
where,
Gy = f'(tut,ut v v ) +s(v (1)|K})

—ui(t)' iZ::/l‘ ( f (t,ul,ul,vl,\il)+a),l (t)- Df; (t,ul,ul,vl,\'/l))—xl (t) @t (t)

If J, =0, L =0, the pair of mixed type symmetric dual problem (Mix SP)
and (Mix SD) are reduced to the following Mond-Weir type symmetric dual variational
problem (M-WP) and (M-WD), recently studied by Husain and Rumana [10].

(SM-WPo): Maximize: [(H,HZ...., H? )dt
|
Subject to:

x*(a)=0=x*(b) , y*(a)=0=y*(b)

21 gl (63,3, y7,¥7) =2 (t) - Dgy, (87,22, 57) [<0  te

p
i=1

Iyz (t) [Zpll/li (giyz (t.X*,%%, ¥, ¥*) -2 (t)-Dgl, (t.X*, X%, yz,yz))} >0,
X*(t)>0,tel
7 (t)e K?
A>0
Where,
H =g' (6., %, y%, yz)+s(x2 (t)|Ci2)—zi2 (t)y2(t)

(SM-WDo) :Maximize: I(G},Gz Gl")dt
|

]

Subject to:



where,
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u*(a)=0=u*(b) , v’(a)=0=v*(h).

zp:z‘ [glz (t.u?,u?,v*,v*)+a? (t)- Dy, (t’UZ’uzyvz,vz)]zO el

i=1

juz(t)T [glz (t,uz,uz,vz,vz)+a)l2 (t)- Dgf]z (t,uz,uz,vz,vz)}io tel,

VA(t)>0,tel
o’ (t)eC}

A>0

G =g'(t,X*,%, yz,yz)+s(v2 (1) Kf)+ui2 (1)@ (1)
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If Cf=C?={0}and K{=K?={0} , i=12..,p, ie., support functions are

suppressed from the formulation of the dual models (Mix SP) and (Mix SD), we have the
following pair of reduced dual models, studied by Husain and Rumana [11].

(Mix SP*): Minimize [{f (3,5, ¥, ')+ g (6., %%, ¥, ¥°)
|

_yl (t)T (/IT fyl (t,Xl,)'(l, yl’ yl)

-DAT i (t,xl,xl, v yl))e} dt

Subject to

x'(a)=0=x'(b) , y'(a)=0=y'(h),
x’(a)=0=x*(b) , y*’(a)=0=y*(b),
ATt (tx, %,y 9 ) =DATf, (6, %,y ¥)<0  tel

yl

ATg (65, ¥, 97 )-DATg . (1X, %%,y ¥7)<0  tel

J‘yZ(t)T (ﬂngy2 (t,xz’xziyz’yz)

|
_D/ngyz (t,xz,)'(z,yz, yz))zo '

AeA”
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(Mix SD*) Maximize j{f(t,ul,ul,vl,v1)+g(t,uz,uz,vz,vz)
|

—u'(t)' (/f f (t,ul,ul,vl,vl)

—DATfyl(t,ul,ul,vl,vl))e}dt
Subject to

F(8)=0=ui(b) | VH(a)=0=v ().

W (a)=0=1?(b) , v*(a)=0=v?(b),

ATE, (tutut vt )= DAT f (Ut ut Vi) >0 tel

ut ut

uZ

juz (t)T (/f 9, (t,uz,uz,vz,\'/z)
|

ATg,. (tu?,0°, v v°)-DATg, (tu®,u?,v* v?)>0  tel,

-DA'g (t,uz,uz,vz,vz))zo,,

uZ

AeA”

where A" ={2€R°[1>0, A"e=Le=(11...1) eR’|

6. NATURAL BOUNDARY VALUES

The pairs of mixed type symmetric nondifferentiable multiobjective variational
problem can be formulated by natural boundary values rather than by fixed end points.
The problems with natural boundary conditions are needed to establish well-defined
relationship between the pairs of dual continuous programming problems and nonlinear
programming problems.

Following is the pair of mixed type symmetric dual problems with natural
boundary values:

Primal (Mix SP): Maximize [(H',H?,...,H")dt
|

Subject to

iﬂ,i[f;l (t'Xl,Xl,yl,yl)—zil(t)— nyil (t,Xl,Xl,yl, yl):|§0 tel,

i=1
p

Z/”Li[g;z ('[,)(2,)'(2’)/2'yz)_ZiZ(t)_Dg;1 (t’xz’xz’yz’yz)]:o tel.

i=1
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fror|

(% (1), % (1))>0 , tel

z'(t)eK! and Z’(t)eK? , i=12,...p

p gy (15, v, ) -2 (1)~ Dyl (t,xz’xz’yZ’yz)):|iO,
=1

A>0, Ale=1,¢€" =(L....1)

fyil(t,xl,xl,yl,yl) =0, f (t,xl,xl,yl,yl)

i
t=a v

=0,1i=12,...,p

t=b

=0

t=b

/1T9y1 (tllexz,yz,yz)

-0 , /ng (tllexz,yz,yz)

t=a v

Dual (Mix SDo): Maximize I(Gl,Gz,...,G p)dt
|

Subject to:

A (tut 0t v V) + @) (1) - DEL (tLut,ut v V) 20, te

M 1M

I
[N

2] gl (Lu2,0%, v, V)+ @ (t) - Dgy, (tu”, 0%, V2,V ) |20, te |

e,

uz(t)T zp:ﬂi[gll (t,uz,uz,vz,\'/z)+a)i2(t)—Dg&1 (t,uz,uz,vz,vz)]dtfo,
- =

(V'(t),v*(1))>0, tel

o (t)eCl and &} (t)eC’, i=12..p

A>0, Ale=1,¢€" =(L...,1)

f;1 (t, Xl,)'(l, yl’ yl)

-0, f;l(t,xl,xl,yl,yl)‘ =0, i=12,...p

t=a t=b

T 2 92 2 2 _ T 2 92 2 2 _
219, (60 XYY =0, ATg, (82 YR)| =0

The duality results for each of the above pairs of dual variational problems can
be proved easily on the lines of the proofs of the Theorems 1-4, with slight modifications
in the arguments, as in Mond and Hanson [17].
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7. MULTIOBJECTIVE NONLINEAR PROGRAMMING

If the time dependency is removed from the variational problems (Mix SPo) and
(Mix SDo) with natural boundary values and b—a =1, we obtain the following pair of
static mixed type multiobjective dual problems involving support functions, which are
not explicitly reported in the literature with their correct formulations..

Primal (Mix SPy): Minimize H =(H',H?,..,H")

Subject to
é; [ (xy)-2 <0,
29 (¢y7) -2 <0,

() | 2 (5 (7)) 20
ek and zZeK?,i=1..p
AeA”
HY= £y ' (7)o (el (| )
32 [ 1 ()2 -DE () -2y -y
Dual (Mix SD1): Maximize G = (GlGZG")
Subject to:

Zp: i [fuﬁ (ul,vl)+aﬂi0 :

i=1

(uz)T ﬂi[g‘ul(uz,vz)+aﬂio,

p
i

o eCl and @’ eC? i=12,.,p

AeA”

where,
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G'=f'(x,y")+g' (¥, y°)+s(V[K )+ s(v’|K?)

_|_ula)i1_|_ui2w2_uli/v[]cui1 (Xl,yl)_i_wil_Dfuil (Xl’yl):|

i=1
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