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Abstract: Customer impatience has a very negative impact on the queuing system under
investigation. If we talk from business point of view, the firms lose their potential
customers due to customer impatience, which affects their business as a whole. If the
firms employ certain customer retention strategies, then there are chances that a certain
fraction of impatient customers can be retained in the queuing system. A reneged
customer may be convinced to stay in the queuing system for his further service with
some probability, say g and he may abandon the queue without receiving the service

with a probability p(=1-q) . A finite waiting space Markovian single-server queuing

model with discouraged arrivals, reneging and retention of reneged customers is studied.
The steady state solution of the model is derived iteratively. The measures of
effectiveness of the queuing model are also obtained. Some important queuing models
are derived as special cases of this model.
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Analysis.

MSC: 60K25-68M20-90B22.



120 R. Kumar, S. Kumar Sharma / A Single-Server Markovian Queuing System

1. INTRODUCTION

Queuing theory plays an important role in modeling real life problems involving
congestions in vide areas of applied sciences. Applications of queuing with impatience
can be seen in traffic modeling, business and industries, computer-communication, health
sectors and medical sciences etc.

Queues with discouraged arrivals have applications in computers with batch job
processing where job submissions are discouraged when the system is used frequently
and arrivals are modeled as a Poisson process with state dependent arrival rate. The
discouragement affects the arrival rate of the queuing system. Morse [11] considers
discouragement in which the arrival rate falls according to a negative exponential law.
We consider a single-server queuing system in which the customers arrive in a Poisson
fashion with rate depending on the number of customers present in the system at that

time i.e. .

(n+1)

Queuing with customer impatience has vast applications in computer-
communications, bio- medical modeling, service systems etc. It is important to note that
the prevalence of the phenomenon of customer impatience has a very negative impact on
the queuing system under investigation. If we talk from business point of view, the firms
lose their potential customers due to customer impatience, which affects the business of
firms as a whole. If firms employ certain customer retention strategies, then there are
chances that a certain fraction of impatient customers can be retained in the queuing
system. An impatient customer (due to reneging) may be convinced to stay in the service
system for his service by utilizing certain convincing mechanisms. Such customers are
termed as retained customers. When a customer gets impatient (due to reneging), he may
leave the queue with some probability, say p and may remain in the queue for service
with the probability p(=1-q).

Taking these concepts into consideration, a single-server finite capacity
Markovian queuing model with discouraged arrivals, reneging and retention of reneged
customers is developed. The steady-state solution of the model is derived.

Rest of the paper is structured as follows: In section 2, the literature review is
presented. In section 3, queuing model is formulated. The differential-difference
equations of the model are derived and solved iteratively in section 4. Measures of
effectiveness are derived in section 5. Some queuing models are derived as special cases
of this model in section 6. The conclusions are presented in section 7.

2. LITERATURE REVIEW

Customer impatience has become the burning problem of private as well as
government sector enterprises. Queuing with reneging is firstly studied by Haight [6]. He
studies the problem like how to make rational decision while waiting in the queue, the
probable effect of this decision etc. Ancker and Gafarian [1] study M /M /1/N queuing
system with balking and reneging, and perform its steady state analysis. Ancker and
Gafarian [2] also obtain results for a pure balking system (no reneging) by setting the
reneging parameter equal to zero. Multi-server queuing systems with customer
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impatience find their applications in many real life situations such as in hospitals,
computer-communication, retail stores etc. Xiong and Altiok [16] study multi-server
queues with deterministic reneging times with reference to the timeout mechanism used
in managing application servers in transaction processing environments. Wang et al. [15]
present an extensive review on queuing systems with impatient customers.

Kapodistria [7] studies a single server Markovian queue with impatient
customers and considers the situations where customers abandon the system
simultaneously. He considers two abandonment scenarios. In the first one, all present
customers become impatient and perform synchronized abandonments; while in the
second scenario, the customer in service is excluded from the abandonment procedure.
He extends this analysis to the M/M/c queue under the second abandonment scenario
also. Kumar [8] investigates a correlated queuing problem with catastrophic and
restorative effects with impatient customers which have special applications in agile
broadband communication networks. Kumar and Sharma [9] apply M/M/1/N queuing
model for modeling supply chain situations facing customer impatience. Queuing models
where potential customers are discouraged by queue length are studied by many
researchers in their research work. Natvig [12] studies the single server birth-death

. . 1
queuing process with state dependent parameters 4, = —1/1, n>0and g, =x,n>1. He
n+

reviews state dependent queuing models of different kind and compares his results with
M/M/1, M/D/1 and D/M/1 and the single server birth-and-death queuing model with
parameters A, =A,n>0and g, =ng,n>1 numerically. Raynolds [13] presents multi-

server queuing model with discouragement. He obtains equilibrium distribution of queue
length and derives other performance measures from it. Cuortois and Georges [4] study
finite capacity M/G/1 queuing model where the arrival and the service rates are arbitrary
functions of the current number of customers in the system. They obtain results for
expected value of time needed to complete a service including waiting time distribution
and limited probability distribution of the congestion. Hadidi [5] carries out analysis of
busy period processes for M/M,/1 and M,/M/1 queuing models with state dependent
service and arrival rates. He also obtains results for busy period and transient state
probabilities. Von Doorn [14] obtains exact expressions for transient state probabilities of

. . 1
the birth death process with parameters 4, = —1/1, n>0and x4, = x,n>1. Ammar et al.
n+

[3] study single server finite capacity Markovian queue with discouraged arrivals and
reneging using matrix method.

The above-mentioned queuing systems deal with customer impatience and
discouragement only. Different extensions of customer impatience in single-server and
multi-server queues are carried out here. Furthermore, customer impatience has highly
negative impact on the business of any firm as it leads to loss of potential customers.
Keeping into mind the negative impact of customer impatience, the novel concept of the
retention of reneged customers with discouraged arrivals is studied in this paper.
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3. QUEUING MODEL FORMULATION

In this section, we formulate the queuing model. The Markovian queuing model

investigated in this paper is based on the following assumptions:
1. We consider a single-server queuing system in which the customers arrive in a
Poisson fashion with rate that depends on the number of customers present in

the system at that time i.e. .

(n+1)

2. The service times are independently, identically and exponentially distributed

with parameter Q.

The customers are served in order of their arrival.

The capacity of the system is finite (say, N).

5. Each customer upon joining the queue will wait a certain length of time for his
service to begin. If it does not begin by then, he will get impatient (reneged) and
may leave the queue without getting service with probability p, and may

>

remain in the queue for his service with probability q(=1- p). The reneging
times follow exponential distribution with parameter & .

4. DIFFERENTIAL DIFFERENCE EQUATIONS AND SOLUTION
OF THE QUEUING MODEL

Let P, (t) be the probability that there are n customers in the system at time t.

The differential-difference equations are derived by using the general birth-
death arguments. These equations are solved iteratively in steady-state in order to obtain
the steady state solution.

The differential-difference equations of the model are:

SR =-2R0+ 4R (1)

%Pn(t) = —Kﬁ]wﬂn—l)ép} R ®
a )
+(p+né p)Pn+,(t)+(Fj P.(t); n=123.,N-1

%PN ) =-[u+(N=DEp]P,(®)
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A
+ (Wj I:)N -1 (t)
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In steady state, lim, ,, P,(t)=P, and therefore,

=0 as t—>oo and hence, the

dr, ()
dt
solution of equations (1) to (3) gives the difference equations

0=-AP, + P, @)

0=—Ki]+u+(n—1>§p}a+(u+n§p)Pn+l
n+1

)
A
+(—] P_;n=123,N-1
n
A
0=—(u+(N=DEP)Py +| T P ©)
Solving iteratively equations (4) — (6), we get
P, = iHE:I# P;1<n<N @)
n! u+k-0&ép
Using the normalization condition, Z:: o =1, we get
1
R = | 2 (®)
1+Z::1 - ——
nt " u+k-D<Ep

Hence, the steady-state probabilities of the system size are derived explicitly.
5. MEASURES OF EFFECTIVENESS

In this section, some important measures of effectiveness are derived. These can
be used to study the performance of the queuing system under consideration.
The Expected System Size (LS)

N 1 _, A
-silhm 2

nt T s (k-1)ép
The Expected Queue Length (Lq)

vl A 2
Lq _|:Zn—ln|:n_!nk_lm:| PO 'Ll:|
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The Expected Waiting Time in the System (WSs)
A

Ws: _ZHI |:n' k=1 ,U+(k_1)§p:|:|P0

The Expected Waiting Time in the queue (WQ)

1w [1 2 1
W o=|— -, —2%  |p_—
R

The Expected Number of customers Served, E(Customer Served)
E(Customer Served) = >\ nuP,

1 A
E(Customer Served)=>'N ny|—11",, —— = |P
( ) anl ;U|:n! kly+(k—l)§p:| 0

Rate of Abandonment, R, .

§ = /12 P — E(Customer Served)

n=0

abon

A
abond =A1- an /.l|: k=1 m}%

Expected number of waiting customers, who actually wait, E(CustomerWaiting)

z r’:‘:Z(n _I)Pn
pI
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Probability distribution of busy period, Prob (Busy period)
Prob(Busy period) = Prob. (n > 1)

E(CustomerWaiting) =

E(Customer Waiting) =

Prob (Busy period) = Li ) I, m} "

Where P, has been computed in (8).
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6. SPECIAL CASES

When there is no retention of reneged customers (i. e. g =0).

The queuing system is reduced to a system with discouraged arrivals and
reneging with

p-lli— % |p.i<n<n
Nt gt (k- 1)

Using the normalization condition, ¥¥_, P, = 1, we get

1

- N A
S -

N ua(k-1)E

)

When there is no discouragement.
We study two sub-cases:

(i) The model reduces to an M / M /1 / N queuing system with retention of
reneged customers as studied by Kumar and Sharma [10] with

n A
P=I1—>——P;l<n<N-1I

"okelpr(k=1Ep

Also for n=N we get

B =TT—2* P
Yokt (k=Dép

Using the normalization condition, Z NP =1, we get

1

P, =
N A

1 m,—*

+z"-{ - u+(k—1)§p}

(i) When there is no reneging (i.e. the customers do not get impatient).
In this case, the probability of reneging (p) is zero, implies that £ =0. As there

is no reneging, there is no question of customer retention. All the customers who enter
into the system leave after getting service. Therefore, from equations (7) and (8) it
follows that

n
P :(i) P:l<n<N
7

n
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and using the normalization condition, we get

IS S
ol

It is evident that the model reduces to a simple M/M/1/N queuing model.

R

7. CONCLUSIONS

This paper studies a single server queuing model with discouraged arrivals,

reneging and retention of reneged customers. We obtain the steady-state solution and
different measures of effectiveness are also derived. Some queuing models are derived as
special cases of this model.

The model analysis is limited to finite capacity. The infinite capacity case of the

model can also be studied. Further, the model can be solved in transient state to get time-
dependent results. The cost-profit analysis of the model can also be carried to study its
economic analysis. The same idea can be extended to some non-Markovian queuing
models.

(1]
(2]

(31

(4]
[5]

(6]
(71

(8]

[
[10]

[11
[12

—_

[13]

REFERENCES

Ancker Jr., C. J., and Gafarian, A. V., “Some Queuing Problems with Balking and Reneging
I, Operations Research, 11 (1963) 88-100.

Ancker, Jr., C.J., and Gafarian, A. V., “Some Queuing Problems with Balking and Reneging.
I1.”, Operations Research, 11 (1963) 928-937.

Ammar, S.I., El-Sherbiny, A.A., and Al-Seedy, R.O., “A matrix approach for the transient
solution of an M/M/1/N queue with discouraged arrivals and reneging”, International Journal
of Computer Mathematics, 89 (2012) 482-491.

Courtois, P.J., and Georges, J., “On a Single Server Finite Capacity Queueing Model with
State dependent Arrival and Service Process”, Operations Research. 19 (1971) 424-435.
Hadidi, N., “Busy periods of queues with state dependent arrival and service rates”, Journal
of Applied Probability, 11 (1974) 842-848.

Haight, F. A., “Queueing with Reneging”, Metrika, 2 (1959)186-197.

Kapodistria, S., “The M/M/1 Queue with Synchronized Abandonments”, Queuing Systems, 68
(2011) 79-109.

Kumar, R.A., “Catastrophic-cum-Restorative Queuing Problem with Correlated Input and
Impatient Customers”, International Journal of Agile Systems and Management, 5 (2012)
122-131.

Kumar, R., and Sharma, S.K., “Managing congestion and revenue generation in supply chains
facing customer impatience”, Inventi Impact: Supply Chain & Logistics, 2012 (2012) 13-17.
Kumar, R., and Sharma, S.K., “M/M/1/N queuing system with retention of reneged
customers”, Pakistan Journal of Statistics and Operation Research, 8 (2012) 859-866.

Morse, P.M., Queues, Inventories and Maintenance, Wiley, New York, (1968)

Natvig, B., “On a Queuing Model Where Potential Customers Are Discouraged by Queue
Length”, Scandinavian Journal of Statistics, 2 (1975) 34-42.

Raynolds, J.F., “The stationary solution of a multi-server queueing model with
discouragement”, Operations research, 16 (1968) 64-71.



R. Kumar, S. Kumar Sharma / A Single-Server Markovian Queuing System 127

[14] Van Doorn, E.A., “The transient state probabilities for a queueing model where potential
customers are discouraged by queue length”, Journal of Applied Probability, 18 (1981) 499-
506.

[15] Wang, K., Li, N., and Jiang, Z., “Queuing System with Impatient Customers: A Review”,
2010 IEEE International Conference on Service Operations and Logistics and Informatics.
15-17 July, 2010, Shandong, (2010) 82-87.

[16] Xiong, W., and Altiok, T., “An approximation for multi-server queues with deterministic
reneging times”, Annals of Operations Research, 172 (2009) 143-151.



