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Abstract: We have developed an order level inventory system for deteriorating
items with demand rate as a ramp type function of time. The finite production
rate is proportional to the demand rate and the deterioration rate is independent
of time. The unit production cost is inversely proportional to the demand rate.
The model with no shortages case is discussed considering that: (a) the demand
rate is stabilized after the production stopping time and (b) the demand is stabi-
lized before the production stopping time. Optimal costs are determined for two
different cases.
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1. INTRODUCTION

It is observed that the life cycle of many seasonal products, over the entire
time horizon, can be portrayed as a short period of growth, followed by a short
period of relative level demand, finishing with a short period of decline. So,
researchers commonly use a time-varying demand pattern to reflect sales in dif-
ferent phases of product life cycle. Resh et al. [19], and Donaldson [7] are the
first researchers who considered an inventory model with a linear trend in de-
mand. Thereafter, numerous research works have been carried out incorporating
time-varying demand patterns into inventory models.

The time dependent demand patterns, mainly, used in the literature are: (i)
linearly time dependent, (ii) exponentially time dependent (Dave and Patel [4];
Goyal [10]; Hariga [12]; Hariga and Benkherouf [13]; Yang et al. [28]; Sicilia et al.
[21]). The time dependent demand patterns reported above are unidirectional,
i.e., increase continuously or decrease continuously. Hill [15] proposed a time
dependent demand pattern by considering it as the combination of two different
types of demand in two successive time periods over the entire time horizon and
termed it as “ramp-type” time dependent demand pattern. This type of demand
pattern usually appears in the case of a new brand of consumer goods coming to
the market. The inventory models with ramp type demand rate also studied by
Wu et al.([26], [27]), Wu and Ouyang [25], Wu [24], Giri et al. [9], Deng [5], Chen
etal. [1], Cheng and Wang [2], He et al. [14], Skouri et al. [22]. In these papers, the
determination of the optimal replenishment policy requires the determination of
the time point, when the inventory level falls to zero. So, the following two cases
should be examined: (1) the time point occurs before the point where the demand
is stabilized, and (2) the time point occurs after the point where the demand is
stabilized. Almost all of the researchers examine only the first case. Deng et
al. [6] considered the inventory model of Wu and Ouyang [25] and studied it
by exploring these two cases. Skouri et al. [23] extended the work of Deng et
al. [6] by introducing a general ramp type demand rate and considering Weibull
distributed deterioration rate.

The assumption that the goods in inventory always preserve their physical
characteristics is not true in general. There are some items, which are subject
to risks of breakage, deterioration, evaporation, obsolescence, etc. Food items,
pharmaceuticals, photographic film, chemicals and radioactive substances, to
name only a few items in which appreciable deterioration can take place during
the normal storage of the units. The study of deteriorating inventory problems
has received much attention over the past few decades. Inventory problems for
deteriorating item have been studied extensively by many researchers from time
to time. Ghare and Schrader [8] developed an Economic Order Quantity (EOQ)
model for items with an exponentially decaying inventory. They observed that
certain commodities shrink with time by a portion which can be approximated
by a negative exponential function of time. Covert and Philip [3] devised an EOQ
model for items with deterioration patterns explained by the Weibull distribution.
Thereafter, a great deal of research efforts have been devoted to inventory models
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of deteriorating items, the details can be found in the review articles by Raafat
[18], Goyal and Giri [11], Manna and Chaudhuri [17] and Ruxian et al. [20].

Manna and Chaudhuri [17] studied a production-inventory system for time-
dependent deteriorating items. They assumed the demand rate to be a ramp type
function of time. The demand rate for such items increases with time up to a
certain point and then ultimately stabilizes and becomes constant. The system
is first studied by allowing no shortages in inventory and then it is extended to
cover shortages. For these two models, Manna and Chaudhuri [17] considered
that the time point at which the demand rate is stabilized occurs before the pro-
duction stopping time. Present work is the extension of Manna and Chaudhuri’s
[17] without shortage model where (a) the demand rate is stabilized after the
production stopping time and before the time when inventory level reaches zero
and (b) Deterioration rate is constant.

The remainder of this paper is organized as follow. Section 2 recalls the
assumptions and notations. In Section 3, the mathematical formulation of the
model without shortages and its optimal replenishment policy is studied. Lastly,
optimal costs are determined for two different cases.

2. ASSUMPTIONS AND NOTATIONS

The proposed inventory model is developed under the following assumptions
and notations :

(i) Lead time is zero.
(ii) c1 is the holding cost per unit per unit of time.
(iii) c3 is the deterioration cost per unit per unit of time.

(iv) Demand rate R = f(t) is assumed to be a ramp type function of time f(t) =
Dolt = (t = w)H(t — u)], Dy > 0 where H(t — p) is the Heaviside’s function
defined as follows:

1 ift>p
HE-w ‘{ 0 ift<p
(v) K= Bf(t) is the production rate where (> 1) is a constant.
(vi) 6 (0 < 6 < 1) is the constant deterioration rate.

(vii) Cis the total average cost for a production cycle.

The unit production cost v = a;R™7, where a1 > 0,y > 0and y # 2. oy is
obviously positive since v and R are both non-negative. Also, higher demands
result in lower unit cost of production. This implies that v and R are inversely
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related and, hence, y must be positive.

Now,
g—; = —a;yR°0* <,
2
% = apy(y+ 1R+ > 0.

Thus marginal unit cost of production is an increasing function of R. These
results imply that, as the demand rate increases, the unit cost of production
decreases at an increasing rate. For this reason, the manufacture is encouraged to
produce more as the demand for the item increases. The necessity of restriction
y # 2 arises from the nature of the solution of the problem.

3. MATHEMATICAL FORMULATION AND SOLUTION

Casel(u<t <t)

The production starts with zero stock level at time ¢ = 0. The production stops
at time t; when the stock attains a level S. Due to reasons of market demand and
deterioration of items, the inventory level gradually diminishes during the period
[t1,t2], and ultimately falls to zero at time t = t,. After the scheduling period #,,
the cycle repeats itself.

Let Q(t) be the inventory level of the system at any time f (0 < t < f,). The
differential equations governing the system in the interval [0, ;] are given by

dQ(f)+9Qt) K-f@), 0<t<uy )
with the condition Q(0) =

O 00w =k, ust<n °
with the condition Q(t) = S;

O+ 000 =0, nst<n o

with the condition Q(¢1) =S, Q(t;) =0

Using ramp type function f(t), equations (1), (2) and (3) become respectively

L0 + 00w = 6- 0Dy, 0<r < @
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with the condition Q(0) = 0;

with the C01’1d1t101’1 Q(t) =S;

dQ(t) + GQ(t) —DO‘U/ t1<t<th

with the cond1t10n Q(t1) =S, Q(t2) = 0.
(4), (5) and (6) are first order linear differential equations.
For the solution of equation (4), we have

(B = 1)Doe™
02

By using the initial condition Q(0) = 0 in equation (7), we get

(B —1Do

02

Therefore, the solution of equation (4) is given by

(ﬁ

Q) = [0t-1]+C

Cc =

Q) =

For the solution of equation (5), we have

t t
f dle”Q(t)] = (B — 1)Dout f eVtdt
Iz Iz

(B-DDo )
62

(9t+ _1), 0<t<pu

which gives
Q) =

The solution of equation (6) is given by

[Ou+e W], p<t<t

Q) = + Sttt 4 g.u O(t1—t)
By using initial condition Q(t2) = 0 in equation (11), we get

D
S = %fu[eﬁ(tz—h) ~1]
Substituting S in (11), the solution of equation (6) is

Q)

D D
_%“ + %‘u[e@(tz—h) 1]ef@D 4 g# O(t—t
Doy Dot g,

— + 2—t)

o "o "

D
= %”[ee“r“ -1], h<t<h
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Q)

(6)

@)

®)

©)

(10)

(11)

(12)

(13)
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The total inventory in [0, f,] is
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fo " Q(t)dt
fo " ot + f# " Q(t)dt + ft " Q(t)dt

Where
fOHQ(t)dt - (ﬁ—gﬂ[%ﬁ_% —#+él
j:l Q(hdt = (ﬁ_gﬂ[@#tl B e_:l .\ eﬂ(ye—tl)
_0u% + ;:“ _%
f: Qtdt = _%% o eG(t;—tl) i

Therefore, the total inventory in [0, ¢,] is given by

t B B
f Q(t)dt = w(tl — E) + we_gtl (691.1 _ 1)
0

0 2 0

D
2 0(2 = ) + 1] (14

Total number of deteriorated items in [0, t,] is given by
Production in [0, u]+ Production in [y, t] - Demand in [0, u] - Demand in [y, t5]

m ty H t
ﬁf Dot dt+ﬁf Do},l dt — f Dot dt — f Do},l dt
0 u 0 u

u e
BDo" + BDo(t1 = ) = Do~ = Dopi(tz = 1)

1 1
EDO‘B[J(ztl +u=2u) = EDOy(M +2t) = 2u)

S DoBu(2ts ~ i)~ 3 Dop2h2 ~ ) (15)

The cost of production in [u, u + du] is

Kvdu

Bf(HarR™7du
BRay R du
Délﬁ

- RO-D (16)
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Hence the production cost in [0, t1] is

t
f Kvdu
0
L t
f Kvdu + f Kvdu
0 u

Hoa g
f =00 }_ﬁl) du + f =00 1_‘81) du

o RO . RO
1—
apD,”
2-7)

The total average inventory cost C is given by

C = Inventory cost + Deterioration cost + Production cost

[(y-Du*7 +Q@=p)p' 7l  y#2

A
Dopuc 1
= (62 = ) + f ~ ") + 2 DoBucs(2h — p)

D7
3 Dopaes(2tz ) + “(f L= D @)
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(17)

(18)

Optimum values of t; and t, for minimum average cost C are the solutions

of the equations

aC aC

a_i'l =0 and 8_t2 =0

provided they satisfy the sufficient conditions
2*C *C J*Co*C *C
a—t%>0,a—t%>0and a—t%a—t%—(atlgtz)>0
dC dC .
ET 0 and 9 0 gives

Dopc18( — ™) — (8~ 1)Docre™ " (e ~ 1)
+Do0Bpuics + a16%pD, T =0

and

Dou(cs = —1) - 0c3) +0C = 0 respectively.

CaselIl (t; < u<ty)

(19)

(20)
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The stock level initially is zero. Production begins just after ¢ = 0, continues
upto t = t; and stops as soon as the stock level becomes P at ¢t = t,. Then the
inventory level decreases due to both demand and deterioration till it becomes
again zero at t = t,. Then, the cycle repeats.

Let Q(t) be the inventory level of the system at any time #(0 < t < #;). The
differential equations governing the system in the interval [0, ;] are given by

dQ(t)+9Q (=K-f(t), 0<t<h (1)

with the condition Q(0) = 0, Q(t1)=P;
40) , oo

I H=—f(t), 1 <t<yp (22)
with the condition Q(t;) = P
dQ( ) +00(h)=—f(t), ust<t (23)

with the condition Q(t;) =0

Using ramp type function f(t), equations (21), (22) and (23) become respec-
tively

M0 | o = -0, 0512 .

with the condition Q(0) = 0, Q(t;) =P

dQ(t) +0Q(t) = -Dyt, h<t<p (25)

with the condition Q(t;) = P

dQ(t) +0Q(f) = -Dopt, p<t<t (26)

with the condition Q(t;) =0
The solution of equation (24) is given by the expression (9) and we have

(B — Do

QW = 7 (Gt +e " -1), 0<t<h (27)
Using boundary condition Q(¢;) = P in (27), we get
-1)D
pP= M(@t1 +e 0 —1) (28)

92
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Therefore, the solution of equation (25) is
D 5 D _
Q) = 9—3(1 — 0t) + PPt 4 —20((%1 —1)efti=H
Dy
= & -0+ (-1
+ﬁe9(“‘”[9t 1] b<t< (29)
02 1 ’ 1st=s

Using boundary condition Q(t;) =

0, the solution of equation (26) is given by

Q) = [ OB _1], u<t<th (30)
Total inventory in [0, t,] is
5]
= f Q(h)dt
= f Q(t)dt +f Q(t)dt +f Q(t)dt
_ (B-1)Dy O e Oh 1
= T L3 g htgl
Dy ou> (B-1) _ou Gt%
Tl Ty “hr s
(‘8 — 1) o, efti—p) 1
t—g € ) — B(Ot —1)( —5)]
D()‘U 1 6(152 o
B gt
_ Do Dy Dop®  (B-DDs
20 3 20 03
_PD O(Gt 1)efti=)
DO,U ge(tZ ‘u)
o T~ t2] (31)
Total number of deteriorated items in [0, t,] is given by
Production in [0, 1] - Demand in [0, u] - Demand in [y, t,]
t s 5]
= ﬁDof i’dt—Dof tdi’—DQ‘Uf dt
0 0 u
ﬁDOtz D 2
= — L - —Ozy — Dop(t2 — )
Dot? Dop?
= ﬁ 20 1_ DQ‘Ufz + ot
Dot? D
= ﬁzﬁ + %“(y —~2t)) (32)
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Hence, the production cost in [0, t;] is given by

t
f Kvdu
0

f
= j; %ﬁdu [using (16)]

t
ai
f —2f g,
o D) urt

1-y
aipD, * 5.,
= £, +2 33
2-p ! V )

From (31), (32), and (33), the total average inventory cost C of the system is

1 pDocit; _ Doy N Doc1ip® (B —1)Docy 08

€= 5l iE 20 63
BDycq _
B2 oty - et
Dopcq 9(ta—p) ﬁDQCgt%
+ 0 ( 0 — )+ >
1-y
Dopcs a1pDy " 5.,
+ 5 (u—2t) + 2= ] (34)

Optimum values of t; and f, for minimum average cost are obtained as in Case
I which gives

Doti(6¢cs + c1(1 — e®@79)) + 0an Dy 717 = 0 (35)
and
Dopicy (€% — 1) — Doubc; — 6C = 0 (36)

4. CONCLUDING REMARKS

Equations (19) and (20) are non-linear equations in ¢; and t,. These simultane-
ous non-linear equations can be solved by Newton-Rapson method for suitable
choice of the parameters c1, c3, a1, B, 4, Do and y( # 2). If #] and t; are the solution
of (19) and (20) for Case I, the corresponding minimum cost C*(t1, t;) can be ob-
tained from (18). It is very difficult to show analytically whether the cost function
C(t1, tp) is convex. That is why, C(t;, t,) may not be global minimum. If C(t1, t,) is
not convex, then C(t1, t) will be local minimum.

Similarly, solution of equations (35) and (36) for Case II can be obtained by
Newton-Raphson method and corresponding minimum cost C(t;, t) can be ob-
tained from (34)
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