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Abstract: Customers often get attracted by lucrative deals and discounts offered by firms.
These, attracted customers are termed as encouraged arrivals. In this paper, we developed
a multi-server Feedback Markovian queuing model with encouraged arrivals, customer
impatience, and retention of impatient customers. The stationary system size probabilities
are obtained recursively. Also, we presented the necessary measures of performance and
gave numerical illustrations. Some particular, and special cases of the model are discussed.
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1. INTRODUCTION AND LITERATURE SURVEY

In today’s era of cut throat competition, companies compete not only with lo-
cal markets but also with the big global players. Moreover, they have constantly
to follow technological advancements, and to deal with the customers’ uncertain
behavior regarding the access they have to global products. Customers often look
for lucrative deals offered by various firms before buying any product. In order to
ensure sustainable growth, firms release various offers and discounts to retain old
customers and to engage new ones. The discounts and offers attract customers
towards the particular firm. Those, attracted customers are termed as encouraged
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arrivals in this paper. The phenomenon of encouraged arrivals can also be un-
derstood as contrary to discouraged arrivals, as discussed by Kumar and Sharma
[14]. Som and Seth [4] discussed a single-server queuing model with encour-
aged arrivals and performed a cost-profit analysis of the model. Further, Som [2]
incorporated a queuing model with encouraged arrivals in the health-care man-
agement system with encouraged arrivals and discussed a single-server queuing
system with encouraged arrivals and customer impatience. He mentioned that
patients get encouraged towards healthcare facilities that offer better service at
affordable cost. Som and Seth [5] further developed a two-server queuing system
with encouraged arrivals and performed its economic analysis. They discussed a
two-server queuing system with heterogeneous service and encouraged arrivals
with retention of impatient customers. Extending his work, Som [3] discussed
a feedback queuing system with encouraged arrivals and retention of impatient
customers. Som and Seth [6], also, studied a single server queuing system with
encouraged arrivals and impatient customers for effectively managing business
in uncertain environment.
Eventually, encouraged arrivals put the service facility under pressure, wich can
make customers dissatisfied with the service. Such customers are termed as
feedback customers in queuing literature. Those customers re-join the queue to
complete their service. Feedback in queuing system is studied rigorously by re-
searchers such as Takacs [17], who studied the queue with feedback to determine
the stationary process for the queue size and the first two moments of the distri-
bution function of the total time a customer spent in the system. Davignon and
Disney [14] studied single server queues with state dependent feedback. San-
thakumaran and Thangaraj [1] considered a single server feedback queue with
impatient customers. They studied M/M/1 queueing model for queue length at
arrival epochs and obtained results for stationary distribution, mean and variance
of queue length. Thangaraj and Vanitha [25] obtained transient solution of M/M/1
feedback queue with catastrophes using continued fractions. The steady-state
solution, moments under steady state, and busy period analysis were calculated.
Encouraged arrivals also result in longer queues and higher waiting times. Due
to this, customers become impatient and leave the system without getting service,
which is termed as reneging. Roots of customer impatience, as traced in work
of Barrer [9], can be that a customer is available for service only for a limited
amount of time. Haight [11], [12] studied a queue with balking and continued
by studying queues with reneging. Further, queues with balking and reneging
are studied by Ancker and Gaffarain [7], [8], where they mentioned that every
customer arrives with a threshold value of tolerance time. When that threshold
value of time expires, the customer retires from the system without completion of
service. A number of papers appeared on customer impatience in queuing theory
afterwards. Reneging phenomenon of single channel queues is discussed in detail
by Robert [10], where he considered a single channel queuing system in which
nth arrival may renege if its service does not commence before an elapsed random
time Zn. Baccelli et. al. [13] considered single server queuing system in which a
customer gives up whenever his waiting time is more than his patience time. They
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studied stability conditions and the relation between actual and virtual waiting
time distribution functions. Bae and Kim [15] considered a G/M/1 queue with
constant patience time of the customers and derived the stationary distribution
of the workload of the server, or the virtual waiting time. Wang et. al. [16] gave
a detailed review on queuing systems with customer impatience. For oragnisa-
tions, it is not just about loosing a customer but also such customers hamper the
brand image of the organisation by posting negative comments about the service
quality of the firm on various social media platforms,too. Thus, reneging is a loss
to business and goodwill of the company as well. Liao [18] developed a queuing
model for estimating business loss using balking index and reneging rate. Hence
companies employ various retention strategies, due to which a reneged customer
may be retained with some probability. Kumar et. al. [19], [20], [21], [22], [23],
[24] introduced the concept of retention of impatient customers and mentioned
that a reneging customer may be retained with some probability by employing
a retention strategy. They studied retention of reneged customers in single and
multi server queues with balking and feedback as well.
In this paper, we discuss multi-server queuing system with encouraged arrivals,
customer impatience, retention of impatient customers and feedback. Various
particular cases of the model are discussed one by one by removing particular
factors from the context. Some special cases of the model are also discussed.
Steady-state probabilities of the models are derived recursively.

2. Model-1: An M/M/c/N FEEDBACK QUEUING SYSTEM WITH
ENCOURAGED ARRIVALS, RENEGING AND RETENTION OF

RENEGED CUSTOMERS

2.1. Assumptions of the Model
A multi-server finite capacity Markovian feedback queuing model with en-

couraged arrivals, reneging, and retention of reneged customers is formulated
under the following assumptions:

(i) The arrivals occur one by one in accordance with Poisson process with param-
eter λ(1 + η), where ′η′ represents the percentage increase in the arrival rate
of customers, calculated from past or observed data. For instance, if in past,
an organization offered discounts and the percentage increase in number of
customers was observed as 75 percent or 150 percent, then η = 0.75 or η =
1.5, respectively.

(ii) Service times are exponentially distributed with parameter µ.

(iii) Customers are serviced in the order of their arrival, i.e. the queue discipline
is first come, first served.

(iv) There are c servers through which the service is provided.

(v) The capacity of the system is finite, say N.
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(vi) The reneging times are exponentially distributed with parameter ξ.

(vii) A dissatisfied customer may rejoin the queue for completion of the service
with probability q, and may leave the queue satisfactorily with probability
p = 1 − q.

(viii) The probability of retention of a reneged customer is q′, and the probability
that customer is not retained is p′ = 1 − q′.

2.2. Steady State equations of the model

µpP1 = λ(1 + η)P0; n = 0 (1)
(n + 1)µpPn+1 = {λ(1 + η) + nµp}Pn − λ(1 + η)Pn−1; 1 ≤ n ≤ c − 1 (2)
{cµp + (n + 1 − c)ξp′}Pn+1 = {λ(1 + η) + cµp + (n − c)ξp′}Pn − λ(1 + η)Pn−1; c ≤ n ≤ N − 1

(3)

{cµp + (N − c)ξp′}PN = λ(1 + η)PN−1; n = N (4)

Solving equations (1) to (4) recursively, we obtain:

Pn = Pr{n customers in the system}

=

 1
n!

(
λ(1+η)
µp

)n
P0, 1 ≤ n ≤ c

1
c!

(
λ(1+η)
µp

)c[∏n
i=c+1

(
λ(1+η)

cµp+(i−c)ξp′

)]
P0, c < n ≤ N − 1

(5)

PN = Pr{system is full}

=
1
c!

(
λ(1 + η)
µp

)c[ N∏
n=c+1

(
λ(1 + η)

cµp + (n − c)ξp′

)]
P0 (6)

Using condition of normality
∑N

n=0 Pn = 1, we get

P0 = Pr{system is empty}

=

[ c∑
n=0

1
n!

(
λ(1 + η)
µp

)n

+

N∑
n=c+1

{
1
c!

(
λ(1 + η)
µp

)c n∏
i=c+1

(
λ(1 + η)

cµp + (i − c)ξp′

)}]−1

(7)

3. MEASURES OF PERFORMANCE

Having calculated probabilistic measures, the following measures of perfor-
mance can be derived:

3.1. Expected System Size (Ls):

Ls =
∑N

n=1 nPn



B.K. Som and S. Seth / Queuing Models with Encouraged Arrivals 337

3.2. Expected queue length (Lq):

Lq =
∑N

n=c(n − c)Pn

3.3. Expected waiting time in the system (Ws):

Ws = Ls
λ(1+η)

3.4. Expected waiting time in the queue (Wq):

Wq =
Lq

λ(1+η)

3.5. Average rate of reneging (Rr):

Rr =
∑N

n=c(n − c)ξp′Pn

3.6. Average rate of retention (RR):

RR =
∑N

n=c(n − c)ξq′Pn

4. NUMERICAL ILLUSTRATIONS

In this section, we present numerical illustrations of the model to study the
variations in various performance measures with respect to some particular pa-
rameters:

From table 1, it is evident that as the arrival rate increases, the expected
size of the system, expected queue length, average waiting time in the system,
waiting time in the queue, average reneging rate, as well as average retention
rate increase. Thus, in order to keep the system size under control and to avoid
reneging of customers in case of increased arrival rate, firm should employ some
strategies, which could be either increasing the service rate or introducing an
additional service channel.

From table 2, it is evident that with increase in average rate of service, expected
queue length, waiting time in the queue, and average reneging rate all decrease.
Thus, with the increased service rate, customers have to spend less time in queues,
and there will be less chances of customers get impatient and leave the system
without getting service, which is a desirable condition for any firm.
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Table 1
Variation in measures of performance with respect to arrival rate.
Taking µ = 4, η = 0.75, q = 0.3, q′ = 0.2, ξ = 0.2, c = 3 and N = 10.

From table 3, it is evident that the expected system size decreases while the
average rate of reneging increases with the increase in reneging times. Thus,
more customers leaving the system without getting service will result in loss
of business, so firms need to employ strategies to minimize customers reneging
either by increasing the service rate or by giving more lucrative offers to the
customers.

5. SOME PARTICULAR CASES

5.1. Model-2: An M/M/c/N Feedback Queuing System with Encouraged Arrivals and
Reneging (A particular case of Model -1, when there is no retention of reneged
customers)

In this case, the probability of retention is q′ = 0, i.e. p′ = 1 − q′ = 1. It is clear
that by substituting p′ = 1, Model-1 reduces to the following:
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Table 2
Variation in measures of performance with respect to service rate.
Taking λ = 5, η = 0.75, q = 0.3, q′ = 0.2, ξ = 0.2, c = 3 and N = 10.

5.1.1. Steady State equations of the model

µpP1 = λ(1 + η)P0; n = 0 (8)
(n + 1)µpPn+1 = {λ(1 + η) + nµp}Pn − λ(1 + η)Pn−1; 1 ≤ n ≤ c − 1 (9)
{cµp + (n + 1 − c)ξ}Pn+1 = {λ(1 + η) + cµp + (n − c)ξ}Pn − λ(1 + η)Pn−1; c ≤ n ≤ N − 1

(10)

{cµp + (N − c)ξ}PN = λ(1 + η)PN−1; n = N (11)

Solving equations (8) to (11) recursively, we obtain:

Pn = Pr{n customers in the system}

=

 1
n!

(
λ(1+η)
µp

)n
P0, 1 ≤ n ≤ c

1
c!

(
λ(1+η)
µp

)c[∏n
i=c+1

(
λ(1+η)

cµp+(i−c)ξ

)]
P0, c < n ≤ N − 1

(12)

PN = Pr{system is full}

=
1
c!

(
λ(1 + η)
µp

)c[ N∏
n=c+1

(
λ(1 + η)

cµp + (n − c)ξ

)]
P0 (13)
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Table 3
Variation in measures of performance with respect to reneging rate.

Taking λ = 5, µ = 4, η = 0.75, q = 0.3, q′ = 0.2, c = 3 and N = 10.

Using the condition of normality
∑N

n=0 Pn = 1, we get

P0 = Pr{system is empty}

=

[ c∑
n=0

1
n!

(
λ(1 + η)
µp

)n

+

N∑
n=c+1

{
1
c!

(
λ(1 + η)
µp

)c n∏
i=c+1

(
λ(1 + η)

cµp + (i − c)ξ

)}]−1

(14)

5.2. Model-3: An M/M/c/N Queuing System with Encouraged Arrivals and Reneging
(A particular case of Model -2, when all customers leave the system satisfactorily
after completion of service)

In this case, the probability that a customer rejoins the queue, q = 0, i.e.
p = 1 − q = 1. Substituting p = 1, Model-2 reduces to the following:
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5.2.1. Steady State equations of the model

µP1 = λ(1 + η)P0; n = 0 (15)
(n + 1)µPn+1 = {λ(1 + η) + nµ}Pn − λ(1 + η)Pn−1; 1 ≤ n ≤ c − 1 (16)
{cµ + (n + 1 − c)ξ}Pn+1 = {λ(1 + η) + cµ + (n − c)ξ}Pn − λ(1 + η)Pn−1; c ≤ n ≤ N − 1

(17)

{cµ + (N − c)ξ}PN = λ(1 + η)PN−1; n = N (18)

Solving equations (15) to (18) recursively, we obtain:

Pn = Pr{n customers in the system}

=

 1
n!

(
λ(1+η)
µ

)n
P0, 1 ≤ n ≤ c

1
c!

(
λ(1+η)
µ

)c[∏n
i=c+1

(
λ(1+η)

cµ+(i−c)ξ

)]
P0, c < n ≤ N − 1

(19)

PN = Pr{system is full}

=
1
c!

(
λ(1 + η)

µ

)c[ N∏
n=c+1

(
λ(1 + η)

cµ + (n − c)ξ

)]
P0 (20)

Using the condition of normality
∑N

n=0 Pn = 1, we get

P0 = Pr{system is empty}

=

[ c∑
n=0

1
n!

(
λ(1 + η)

µ

)n

+

N∑
n=c+1

{
1
c!

(
λ(1 + η)

µ

)c n∏
i=c+1

(
λ(1 + η)

cµ + (i − c)ξ

)}]−1

(21)

5.3. Model-4: An M/M/c/N Queuing System with Encouraged Arrivals (A particular
case of Model -3, when customers do not get impatient)

In this case, there is no reneging, i.e. ξ = 0. Thus, the queuing system in
Model-3 reduces to the following model.

5.3.1. Steady State equations of the model

µP1 = λ(1 + η)P0; n = 0 (22)
(n + 1)µPn+1 = {λ(1 + η) + nµ}Pn − λ(1 + η)Pn−1; 1 ≤ n ≤ c − 1 (23)
cµPn+1 = {λ(1 + η) + cµ}Pn − λ(1 + η)Pn−1; c ≤ n ≤ N − 1 (24)
cµPN = λ(1 + η)PN−1; n = N (25)
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Solving equations (22) to (25) recursively, we obtain:

Pn = Pr{n customers in the system}

=

 1
n!

(
λ(1+η)
µ

)n
P0, 1 ≤ n ≤ c

1
cn−cc!

(
λ(1+η)
µ

)n
P0, c < n ≤ N − 1

(26)

PN = Pr{system is full}

=
1

cN−cc!

(
λ(1 + η)

µ

)N

P0 (27)

Using the condition of normality
∑N

n=0 Pn = 1, we get

P0 = Pr{system is empty}

=

[ c∑
n=0

1
n!

(
λ(1 + η)

µ

)n

+

N∑
n=c+1

1
cn−cc!

(
λ(1 + η)

µ

)n]−1

(28)

6. SOME SPECIAL CASES

6.1. A special case, when there is no encouragement in Model - 4
In this case, there is no increase in the arrival rate of customers, i.e. η = 0.

Substituting η = 0 in stationary system size probabilities of Model-4, we get

Pn = Pr{n customers in the system}

=


ρn

n! P0, 1 ≤ n ≤ c
ρn

c!

(
ρ
c

)n−c
P0, c < n ≤ N − 1

(29)

PN = Pr{system is full}

=
ρN

c!

(ρ
c

)N−c
P0 (30)

Using the condition of normality
∑N

n=0 Pn = 1, we get

P0 = Pr{system is empty}

=

[ c∑
n=0

ρn

n!
+

N∑
n=c+1

ρn

c!

(ρ
c

)n−c
]−1

(31)

where ρ = λ
µ .

It is evident that when there is no encouragement, Model-1 reduces to the classical
multi-server queuing model with finite capacity.
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6.2. A special case, when there is a single server in case of Model - 3
In case of a single server, substituting c = 1 in Model - 3, it reduces to a queuing

model with encouraged arrivals and impatient customers as discussed by Som
and Seth, [6].

6.3. A special case, when there is a single server in case of Model - 4
In case of a single server, substituting c = 1 in Model - 4, it reduces to M/M/1/N

queuing system with encouraged arrivals as discussed by Som and Seth, [4].

7. CONCLUSIONS AND SUGGESTIONS

In this paper, a multi-server queuing system with encouraged arrivals, reneg-
ing, retention, and feedback customers is studied. Steady-state probabilities are
calculated, with which the desired measures of performances can be derived us-
ing classical queuing theory approach . Various particular and special cases of
the above mentioned model are discussed. The model addresses practically valid
contemporary challenges. Any system that is undergoing the above mentioned
challenges can refer to its most suitable particular model, discussed in this paper,
and can have measures of its performance for better governance.

Acknowledgements: We are indebted to the anonymous referees for their
invaluable suggestions and comments after careful review of the paper, which led
to corrections and improvements in this paper.

REFERENCES

[1] Santhakumaran, A. and Thangaraj, V., “A Single Server Queue with Impatient and Feedback
Customers”, Information and Management Science, 11 (2000) 71-79.

[2] Som, B. K., “A Stochastic Feedback Queuing Model with Encouraged Arrivals and Retention
of Impatient Customers”, 5th IIMA International Conference on Advanced Data Analysis, Business
Analytics and Intelligence, April 08-09, 2017.

[3] Som, B. K., “A Markovian feedback queuing model with encouraged arrivals and customers
impatience”, 2nd International conference on evidence based management (ICEBM), March 17th 18th,
2017.

[4] Som, B. K., and Seth, S., “An M/M/1/N Queuing system with Encouraged Arrivals”, Global Journal
of Pure and Applied Mathematics, 17 (2017) 3443-3453.

[5] Som, B. K., and Seth, S., “An M/M/2/N Queuing System with Encouraged Arrivals, Heterogenous
Service and Retention of Impatient Customers”, Advanced Modelling and Optimization, 19 (2017)
97-104.

[6] Som, B. K., and Seth, S., “Effective Business Management in Uncertain Business Environment
Using Stochastic Queuing System with Encouraged Arrivals and Impatient Customers”, Pro-
ceedings of International Conference on Strategies in Volatile and Uncertain Environment for Emerging
Markets, IIT Delhi, July 14th - 15th, (2017) 479-488.

[7] Ancker Jr, C. J., and Gafarian, A. V., “Some Queuing Problems with Balking and Reneging I”,
Operations Research, 11 (1963) 88-100.

[8] Ancker Jr, C. J., and Gafarian, A. V., “Some Queuing Problems with Balking and Reneging II”,
Operations Research, 11 (1963a) 928-937.

[9] Barrer, D. Y., “Queuing with Impatient Customers and Indifferent Clerks”, Operations Research, 5
(1957) 644-649.

[10] Robert, E., “Reneging Phenomenon of Single Channel Queues”, Mathematics of Operations Re-
search, 4 (2) (1979) 162-178.



344 B.K. Som and S. Seth / Queuing Models with Encouraged Arrivals

[11] Haight, F. A., “Queuing with reneging”, Metrika 2 (1959) 186-197.
[12] Haight, F. A., “Queueing with balking”, Biometrika, 44 (1957) 360-369.
[13] Baccelli, F., Boyer, I. P., and Hebuterne, G., “Single-server Queues with Impatient Customers”,

Advances in Applied Probability, 16 (1984) 887-905.
[14] Davignon, G. R., and Disney, R. L., “Single Server Queue with State Dependent Feedback”,

INFOR, 14 (1976) 71-85.
[15] Bae, J., and Kim, S., “The Stationary Workload of the G/M/1 Queue with Impatient Customers”,

Queuing Systems, 64 (2010) 253-265
[16] Wang, K., Li, N., and Jiang, Z., “Queuing System with Impatient Customers: A Review”, 2010

IEEE International Conference on Service Operations and Logistics and Informatics, 15-17 July, 2010,
Shandong, 82-87, 2010.

[17] Takacs, L., “A Single Server Queue with Feedback”, The Bell System Tech. Journal, 42 (1963) 134-149.
[18] Liao, P. Y., “The Queuing Model with Balking Index and Reneging Rate”, International Journal of

Services and Operations Management, 10 (1) (2011) 1-12.
[19] Kumar, R., and Sharma, S. K., “M/M/1/N Queuing System with Retention of Reneged Customers”,

Pakistan Journal of Statistics and Operation Research, 8 (4) (2012a) 719-735.
[20] Kumar, R., and Sharma, S. K., “An M / M / 1 / N Queuing Model with Retention of reneged

customers and Balking”, American Journal of Operational Research, 2 (1) (2012b) 1-5.
[21] Kumar, R., and Sharma, S. K., “A Markovian Feedback Queue with Retention of Reneged

Customers”, AMO-Advanced Modelling and Optimization, 14 (3) (2012c) 673-679.
[22] Kumar, R., and Sharma, S. K., “A Markovian Feedback Queue with Retention of Reneged

Customers and balking”, AMO-Advanced Modelling and Optimization, 14 (3) (2012d) 681-688.
[23] Kumar, R., and Sharma, S. K., “A Single-Server Markovian Queuing System with Discouraged

Arrivals and Retention of Reneged Customers”, Yugoslav Journal of Operations Research, 24 (2014)
119-126.

[24] Kumar, R., and Sharma, S. K., “An M/M/c/N queuing system with reneging and retention of
reneged customers”, International Journal of Operational Research, 17 (2013) 333-340.

[25] Thangaraj, V., and Vanitha, S., “On the Analysis of M/M/1 Feedback Queue with Catastrophes
using Continued Fractions”, International Journal of Pure and Applied Mathematics, 53 (2009) 131-
151.


