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Abstract: This work deals with cooperative advertising in a manufacturer-retailer supply
channel using differential game theory. It considers the manufacturer as the Stackelberg
leader and the retailer as the follower. It incorporates the manufacturer’s advertising
effort into Sethi’s sales-advertising dynamics, and considers its effect on the retail
advertising effort, the awareness share, the players’ payoffs, and the channel payoff.
These are achieved by considering two channel structures: a situation where retail
advertising is subsidized, and a situation where it is not. In both situations, it obtains the
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advertising effort, including the relationships between the manufacturer’s advertising
effort and the retailer’s advertising effort. The work shows that the direct involvement of
the manufacturer in advertising is worthwhile.
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1. INTRODUCTION

Basically, companies use advertising to promote the sale of their products.
Cooperative advertising may be of help to companies in a manufacturer-retailer supply
chain. Cooperative advertising is an advertising design in which the manufacturer pays
the retailer a certain percentage of the amount of money spent on retail advertising
(Nagler [31]). While the retailer may engage in local advertising to stimulate
“immediate” short term sales of the manufacturer’s product, the manufacturer may be
involved in national advertising to build brand image name for his product. Since the
retailer is closer to the consumers and has a good understanding of their behaviour, he
uses local media at a lower cost to influence the consumers’ buying behaviour (Houk
[17], Young and Greyser [39]). This work considers a manufacturer-retailer supply chain
in dynamic setting and presents the obtained advertising strategies that optimize the
players’ payoffs.

2. LITERATURE REVIEW

According to Jorgensen and Zaccour [21], cooperative advertising can be traced
back to Lyon [29] as the first work to analyze cooperative advertising problems but
without any mathematical model. It was followed by Hutchins [20], and Lockley [28].
Mathematical models on cooperative advertising can be categorised into static and
dynamic. Berger [4] is probably the first paper to consider cooperative advertising using
mathematical model, and was done on a static setting. It was followed by a number of
static models which include Dant and Berger [9], Bergen and John [3], Karray and
Zaccour [25], Yang et al. [38], He et al. [16].

Although Huang et al. [19] consider the use of static models as the appropriate
in analyzing cooperative advertising the results from Chintagunta and Vilcassim [7],
Fruchter and Kalish [13], and Naik et al. [33] suggest that it is more appropriate to
employ dynamic models considering the carry-over and long-run effect of advertising.

In their review of dynamic advertising models Huang et al. [18] observed that,
regarding the demand function involved, they can be classified into six groups, based on
Nerlove-Arrow model (Nerlove and Arrow [30]), Vidale-Wolfe model (Vidale and
Wolfe [36]), Lanchester model (Kimball [26], diffusion models, dynamic advertising
competition models with other attributes, and empirical studies of dynamic advertising
problems. In the course of their review Aust and Buscher [1] discovered that cooperative
advertising models employ only the first three groups listed above.

Dynamic models on cooperative advertising are based on goodwill functions of
Nerlove-Arrow model. This is related to the product brand image, influenced by national
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and local advertising effort. Jorgensen et al. [22] were the first to consider dynamic
model on cooperative advertising using Nerlove-Arrow model. Other models in this
category include Jorgensen et al. [23], Karray and Zaccour [24], De Giovanni [10], De
Giovanni and Roseli [11].

Another group uses models which are based on Vidale-Wolfe model, extended

in Sethi model (Sethi [35]). For models in this category, only the retailer is considered to
be directly involved in advertising. The manufacturer participates only through subsidy to
aid retail advertising. These models include Chutani and Sethi [8], He et al. [15].
The third category uses the Lanchester model (Kimball [26]), which is similar to the
Vidale-Wolfe model. The Lanchester model typically models the dynamic shift in the
market share between two competitors. Cooperative advertising models that are based on
this model include He et al. [14]. For a comprehensive overview of the cooperative
advertising literature, we refer readers to Jorgensen and Zaccour [21], and Aust and
Buscher [1].

Considerations of cooperative advertising differential game models involving
both the manufacturer and the retailer have only been carried out in the Nerlove-Arrow
based models of goodwill. The direct involvement of both players in advertising has not
been achieved in the Vidale-Wolfe based dynamics of differential games. In our work,
we incorporate the manufacturer’s advertising effort into the cooperative advertising
literature using the Sethi advertising-sales dynamics, and by extension of the Vidale-
Wolfe model. The players advertising effectiveness in this case are considered to be
distinct. This is a more realistic consideration since different advertising efforts can
influence the market awareness differently.

Further, none of these Vidale-Wolfe based models has been used to consider the
effect of the manufacturer’s advertising effort on the classical models, involving only
retail advertising (that is without the manufacturer’s advertising effort).

We use the resulting model to study the effect of the manufacturer’s advertising
effort on the retail advertising effort, i.e. the subsidy rate (manufacturer’s participation
rate); the manufacturer’s payoff; the retailer’s payoff; and the channel payoff. To see
these effects, we will compare the results obtained with those of the cooperative
advertising differential game (without the stochastic term) considered by He et al. [15].

3. MODEL FORMULATION

This work considers a situation where a manufacturer sells his product through
the retailer to consumers. By using advertising spending and retail price, the players try
to influence a fraction of the market towards buying the manufacturer’s product.

It is important to note that some works in the cooperative advertising literature
do not distinguish between the effects of both types of advertising on the payoffs (Berger
[4], Little [27], He et al. [15], He et al. [14]). In this work we support the view that both
types of advertising could influence payoffs differently, and as such, should be treated in
their own rights (Jorgensen et al. [22], Huang et al. [19], Xie and Wei [37]).

The retailer decides the retail advertising effort, while the manufacturer decides
the national advertising effort and advertising support scheme (subsidy) for retail
advertising. Thus the manufacturer provides a certain fraction of the amount of money
spent by the retailer on advertising. Specifically, the retailer decides the advertising effort
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a(t), while the manufacturer decides the advertising effort A(t) and participation rate in
the form of subsidy a(t).

We shall assume a quadratic cost function, a common assumption in the
advertising literature. It implies diminishing marginal returns to advertising, (Deal [12],
Chintagunta and Jain [5], Jorgensen et al. [22], Prasad and Sethi [34], He et al. [15], He
et al. [14]). As such, the costs of advertising, quadratic in the manufacturerA(t) and
retailer’s advertising efforts a(t), are given by aa(t)? + A(t)? and (1 — a)a(t)?,
respectively.

3.1. Dynamics of the Awareness Share

To model the dynamic effect of advertising on sales, we employ Sethi’s
advertising model (Sethi [35]), an improvement of the classical Vidale-Wolfe advertising
model. It has been empirically validated by Chintagunta and Jain [6], and Naik et al. [32].
Using the above parameters, the sales dynamics is given by

x'(0) = (Bra(®) + By A(t))y1 — x(t) — 6x(b),
x(0)=x,€[01], t=0 (@)

where x(t) is the awareness share; it is a fraction of the total market at time ¢t. It indicates
the number of customers aware or informed of the product; x, is the initial condition, S
and B, measure the advertising effectiveness of the retailer and manufacturer
respectively, and range between 0 and 1. They are known as the response constants; & is
the awareness decay parameter indicating the rate at which the potential consumers are
lost due to background competition, forgetfulness, and product obsolesce.

3.2. The Leader-Follower Sequence of Events

We consider the channel members as playing a Stackelberg differential game.
The decision process is modeled as a sequential Stackelberg differential gameover an
infinite horizon with the manufacturer as the Stackelberg leader and the retailer as the
follower. We will focus on feedback Stackelberg solutions where the optimal policy, in
general, depends on the current state and time (Basar and Olsder [2], He et al. [15], He et
al. [14]).

Now, the sequence of events of the game is as follows:

The manufacturer first declares the feedback national advertising effort rate
A(t) and the feedback participation rate a(t) € [0,1] for local advertising.

In reaction to these decisions, announced by the manufacturer, the retailer
decides the retail advertising effort rate a(t). This is achieved by solving an optimal
control problem to maximize the present value of his profit stream over the infinite
horizon. This is given by

VR(x) = maxqa@yzolf, € 7P {Mpx(t) — a(t)? + a(ta(t)?} dt}, )

subject to (1).
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VR(x) is the retailer’s value function; My is the manufacturer’s margin; p is the
discount rate.
In anticipation of the retailer’s reactions, the manufacturer incorporates them
(the retailers reactions) into his (manufacturer’s) optimal control problem, and solves for
his policies on national advertising effort A(t) and participation rate a(t). Thus, we state
his problem as
VM(x) = max
4(8)=0,
0<a(t)<1

{17 et {Myx(®) - a(®)a(x(@®)|A®), a(®)” - A()?} at} ©)
subject to

x'(t) = (ﬁRa(x(t)|A(t), a(t)) + ﬁMA(t)) J1=x(0) — 8x(t), x(0)=x, €
[0,1], 4

Where V™(x) is the manufacturer’s value function; My, is the manufacturer’s
margin. We express the retailer’s feedback advertising effort as a(x) = a(x|A(t), a(t))
since it is influenced by A(t) and a(t).

At any given time t > 0, the state is denoted by x(t). As such, the retailer’s
local advertising effort, the manufacturer’s national advertising effort and the
participation rate, denoted by a(t), A(t) and a(t) , respectively, would be a(x(t)),
A(x(®)) and a(x(t)) , respectively. Thus, while we use a(x), A(x), and a(x) as
feedback policies for a given awareness level x (that is the state), we use a(t), A(t), and
a(t) as decision variables at time ¢t. In a nutshell, we observe that the decision variables
are functions of the state variable x, while x is a function of time t. This implies that all
the decision variables are implicit functions of time.

4. THE PLAYERS’ STRATEGIES AND VALUE FUNCTION

4.1. The Retailer’s Advertising Effort and Value Function

In the next result, we obtain the retailer’s advertising effort and value function,
resulting from the manufacturer’s announced policies. Although the advertising effort
may appear too general as it does not specify the value or form of the subsidy provided
by the manufacturer, it is a stepping stone to further results. The values and/or form of
the rate of increase of the value function (payoff) and subsidy will be determined in
subsequent results.

Proposition 4.1 Let the manufacturer’s advertising effort A(x) be given, then, the
retailer’s advertising reaction policy is

Rp 1=
Vi BRV1—x (5)

a(x| 4,a) = 2(1-a(x))
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and his value function V®(x) satisfies

vR)*BE-x)
pVR = Mpx + (4()1_#))" + VRByAVT — x — VR6x. (6)

Proof: From (1) and (2), the Hamilton-Jacobi-Bellman (HJB) equation is
pVR = max,pyso{Mgx — (1 — a(x))a(®)? + VE[(Bra + AVI — x — 6x]}. @)

The first order condition (FOC) for a maximum is

—2(1—a(x))a+VRBrv1—x = 0.
Thus
VR BRVI=x
2(1-a(x))’ (8)
Now putting (8) in (7), we have
. VRBNT —x\°
pV = MRX - (1 - (X(X)) (m)
K (Vx"ﬁm/l —-x
K 2(1 — a(x))

a(x|A, a) =

+ VR

)+,8MA>\/1 - —Sx],

which gives the result. W

We observe from (5) that setting a(x) equal to 1, that is, totally subsidising
retail advertising will make the retailer’s advertising effort and payoff in (6) to become
unbounded. This does not make sense! Further, setting it very high would be to the
detriment of the manufacturer since he would be bearing the burden of the retailer’s local
advertising in addition to his own national advertising.

We further note that the manufacturer’s advertising effort acts on the unsold
portion of the market to increase the retailer’s payoff. Its effect on the retailer’s payoff is
high for very low market share, and as the market share increases, its effect reduces.

The retailer’s margin plays a very important role in his payoff. Increasing it has
to be done with caution, because it would be unnecessary if it leads to low market share,
which would eventually cancel out the increase. In this situation, a wise retailer can use
the manufacturer’s advertising effort as a fallback position, knowing that it is very effort
low awareness share.

4.2. The Manufacturer’s Advertising Policy and Value Function

Proposition 4.2  The manufacturer’s feedback advertising policy is

Alx) = V! pui=x 9

2 ]
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his subsidy rate to the retailer is

2vM_yR
a() =1 wiF
0, otherwise

M R
2V >V (10)

while his value function satisfies

a(VR)’BEa-x) | vMVRBR(1-x)
4(1-a)? 2(1-a)
VaM26M21—x4—VaMdx, (11)

pVM = MaXo<a(t)<1 {MMX -

Proof:From (3) and (4), the HJB'’s equation is
pVM(x) = max . (12)

A(£)20,
O=a(t)<1

{MMX —a (%)2 — A2+ yM [(,BR Zx(lﬁR‘/(l_);c + ,BMA) Vi-x- 6x]} (12)

The FOC for maximum is

—2A+VMBV1—x=0
which implies that
V=X

v
A(x) = O (13)
Putting (13) in (12), we have (11)
Now, maximizing (11) with respect to, we obtain
_ V2 BR(1-x) [A-a)?+2a(1-a)] . VMVEBE(1-x)
4 (1-a)* ]+ 2(1-a)2 (14)

Recall that « € [0,1]. But from (14), « = 1 is impossible. Thus, we are left with
a € [0,1) with « =0 corresponding to (14) being less than zero and « € (0,1)
corresponding to (14) being equal to zero.

Now suppose (14) is equal to zero, we have

VBRI -1 +a)  VMVEBR(1 —x)
4(1 — ) B 2

v -vE M R
a(x) ={ 22vM+vE’ 2>V . (15)
0, otherwise
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Putting (13) into (12), we have (11). =

From (9) we observe that as the awareness share increases, the manufacturer
reduces his advertising effort. This is not out of place since there would be no need to
advertise for patronage from those who are already patrons of the business, unless the
purpose is to keep them as patrons. Observe that this effort is highest when the market
share is zero. Further, if the advertising effectiveness and the rate of increase of his
payoff are high, he will be motivated to advertise more.

4.3. Relationship between the Retail and Manufacturer’s Advertising Efforts

Proposition 4.3. For the differential games (1)-(2), and (3)-(4), the relationship between
the manufacturer and retailer’s advertising efforts for a given value of the awareness
share is given by

VRA(x)
a(xlA,@) = ZEEAT, (16)

Proof: From (5) and (9) , we have that for a given value of x
a(x|A,a)(1 —a) B A(x) Vl-x
BrVE BV 2

which leads to (16). [

From (16), we can also write

(1-a)pmVa(x|Aa)
BrVE

Alx) = a7

From (17) we observe that as the subsidy increases, the manufacturer’s
advertising effort reduces, and from (16), we have that as the subsidy increases, the retail
advertising effort increases. That is as the subsidy increases, the retail advertising effort
increases, and the manufacturer’s advertising effort reduces. In other words, as the
manufacturer’s advertising effort increases, the subsidy rate reduces, which subsequently
leads to a reduction in the retail advertising effort. Thus, as the manufacturer gets directly
involved in advertising and even increases his advertising effort, his subsidy to the
retailer should reduce. This will eventually lead to the retailer reducing his advertising
effort. Thus the manufacturer can decide to increase his advertising effort without
bordering about the extra spending since he can reduce subsidy with his direct
involvement, and vice versa. Further, total subsidy implies that he does not need to get
involved in advertising.

5. MODELS WITHOUT THE MANUFACTURER’S ADVERTISING
EFFORT (NON-STOCHASTIC VERSION OF HE ET AL. [15])

5.1. The Players’ Optimal Control Problems

Before proceeding to consider the Stackelberg equilibrium (a,A), which
characterizes non-provision of subsidy, let us first take a look at a dynamic (non-



P.E.Ezimadu, C.R.Nwozo / Modeling Dynamic Cooperative Advertizing 547

stochastic) version of the model considered by He et al. [15]. From their work, the
retailer’s optimal control problem is given by

VR(x) = maxqeyso [, € PHMpx(t) — a()? + a(t)a(t)?}dt,t =0  (18)

subject to

x'(t) = Bra(t)/1 —x(t) — 6x(t), x(0)=x,€[0,1], t=0, (19)

where the parameters are as defined above.

The manufacturer’s optimal control problem is given by
o 2
VM (x) = maxocaoer fy e 7 {Myx(t) — a®a(x(®)]a®)’}dt  (20)
subject to

x'(t) = [?Ra(x(t)|a(t))\/1 —x(t) —6x(t), x(0)=x,€[0,1],t=0, (21)

where the parameters are as defined above.

In differential game models (18)-(19) and (20)-(21), the manufacturer is not
directly involved in advertising. His involvement is through the provision of subsidy to
the retailer.

5.2. The Player’s Strategies when Subsidy is not Provided

From the models, it is shown that for a situation where the manufacturer does
not provide subsidy, the retail advertising effort, the retailer’s payoff, and the
manufacturer’s payoff are given by

a(x) = EREREE (22)
VR(x) = CR + BRx
and

VM(x) = CM + BMx

respectively; where

2Mp
BR = )
V(o +8)% + BEMg + (p + 6)
2M,,
By = p
2(,0 +6)+ ﬁRBR
_ B#B3

C
R 4p
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and

_ BiByBu
2p
Bg, By are the slope (rate of increase) of the retailer’s payoff function; the slope
(rate of increase) of the manufacturer’s payoff function; Cg is the intercept of the

retailer’s payoff function; and Cy, is the intercept of the manufacturer’s payoff function
respectively.

Cu

5.3. The Players’ Strategies and Payoffs for when Subsidy Is Provided

When the manufacturer participates in retail advertising, He et al. [15] showed
that the retail advertising effort, the manufacturer’s strategy, the retailer’s payoft, and the
manufacturer’s payoff are given by

a(x) = ER(BR+25M)V1—X' 23)

ZBM _BR
2By, + By
VR(.X) = CR + BRx

alx) =

and

respectively, where
_ Mg B&(Bg + 2By)
R p+6 8(p+6) '
_ My BR(Bg +2By)?
M™p+6 16(p +6) '
_ B&(Be +2By)

C
R 8p

Co = B& (B + 2By)*
M 16p '

6. STACKELBERG EQUILIBRIUM CHARACTERISING
UNSUBSIDISED RETAIL ADVERTISING

We consider two types of equilibria. The first is the situation where the
manufacturer does not provide any subsidy to aid retail advertising. In the second case,
the manufacturer provides subsidy in support of retail advertising. We state these in
Proposition 6.1 and Proposition 8.1, respectively.
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Proposition 6.1. For the given differential game (1)-(2), (3)-(4), the unique feedback
Stackelberg equilibrium (a, 4), characterizing the situation where the manufacturer does
not support retail advertising effort, is given by

A(x) = ﬁMBIV;—l‘/T", (24)
__ BrBRA(x%)
a(x) = Eee) 25)

and the associated value functions are

VR(X) = CR + BRX, (26)
VM(X) = CM + BMx, (27)
where
— 4AMR
Br = 284 By +BEBR+4(p+5) (28)
— AMpy
By = 2BZBR+ P2 By +4(p+5) (29)
B
Cr = ﬁ [B&Br + 2Bi1Bul, (30)
B
Cu = ﬁ [2BBg + BiiBul- (31)
Proof: Since there is no cooperative advertising, we have that a« = 0, and becomes
_ BRVEFAM)
) =g (32)

Putting (13) and @ = 0 into (6) and (11), we respectively have

R\2p2,4_ 2 S RyM q_
pVR = Mpx + () iR(l x) + BmVx V;c a-x) VxRé'x_ (33)

and

2Ry M q_ 2 (M2 g
pVM — MMx-l—ﬁRVx V; (1-x) +BM(VX4) a-x) —VXM(SJC (34)

respectively.

Because of the square root feature in the dynamics of our problem, we follow
the approach of Sethi [35], He et al. [15], and He et al. [14] to obtain linear value
functions which work for our model. Thus, let

VR(x) = Cg + Bgx (35)
and

VM(x) = Cy + Byx. (36)
These imply that

VM = Byand VR = By (37
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Using (37) in (9) and (32), we have (24) and (25) , respectively.
Putting (35) and (37) into (33), we have

20204 2 _
p(Cr + Brx) = Mpx + ZBPE0=0) 4 PMPROMAD) _ sy (38)

Equating the coefficients of x and constants, we have (28) and (30),
respectively.
Similarly, putting (36) and (37) into (34), we have

2 _ 2 52 o1
p(Cy + Byx) = Myx + BRBRB;”(I 2 BMB"i(l Y _ B, 6x. (39)

Equating the coefficients of x and constants, we have (29) and (31), respectively. m

This result gives the strategies a(x) and A(x), and payoffs VE(x) and V™ (x)
for both players at equilibrium for a situation where no subsidy is provided. It allows us
to see “at a glance” what both players are likely to invest (in this case their advertising
efforts) and eventually gain through their value functions as payoffs.

A very important part of this result can be seen in (24) and (25) which give the
unique feedback Stackelberg equilibrium when retail advertising is not subsidized.
Particularly, it gives an explicit relationship between the manufacturer and retailer’s
advertising efforts for any given value of the awareness share.

From (25), we observe that the ratio g\’;—;’; is very important to the retailer.
Obviously, high B,,, which implies a large A(x) (from (24)), will imply a small 5’??,
MbBMm

and consequently, a small a(x). Thus, with an effective direct involvement of the
manufacturer in advertising, the retailer reduces his advertising effort.

7. EFFECT OF MANUFACTURER’S ADVERTISING EFFORT IN THE
ABSENCE OF SUBSIDY

To clearly see the effect of the manufacturer’s advertising effort on the retail
advertising effort, awareness share, and the players’ payoffs, we first determine the
parameter values.

7.1. Choice of Parameter Values

In this work we are of the view that the retailer is closer to the consumer than
the manufacturer. As such, his advertising effectiveness, B, is considered higher than the
manufacturer’s, ;. Thus, we have that S > [, Further, we consider the effectiveness
to be in percentage form (that is ratio). In particular, we take S = 0.7, and g, = 0.6.
Another important consideration is that we want the players to be foresighted. This is
possible if p is set very low. Thus, we let p = 0.05. The decay rate cannot be higher than
the advertising effectiveness else, it would be needless advertising. Also, it has to be
small enough, reflecting that the rate of decay does not outwit the advertising
effectiveness. Thus, we set it at § = 0.2. The manufacturer being the leader of the game
has the first mover’s advantage, and so his margin is assumed larger than that of the
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retailer. Thus, setting M,, = 7, we have that My = 4. Further, we assume that an initial
awareness share of x, = 0.1. This is to create room for possible increase of the
awareness share.

Note: We let the subscripts A* and A~ denote situations where the
manufacturer is directly involved and where he is not directly involved in advertising,
respectively. Also, let the subscripts @« =0 and a > 0 denote situations where the
manufacturer does not subsidize and where he subsidizes retail advertising, respectively.

7.2. The Effect of the Manufacturer’s Advertising Effort on the Retailer Advertising
Effort (in the Absence of Subsidy)

We observe that with the manufacturer’s direct involvement in advertising, the
retail advertising effort improved from (22) to (25), to see this clearly consider Figure 1.

25 o]
N ECTETCPTPTIES cesnse a(A‘Fia:O)-i—A(a:D) 1
L T e — = — A(a~,a=0) ]
., 20 - A(a:o) H
E — — — Yata=0) ]
= P ™
m 1.5 F— "'___:: - e
2 S
z ! ~ ]
g 1.0 r ""':: -~ - ".’. ]
é —— —_— \\ - v\‘
L —— *.
05 N
i - \\
OO ;\ L L L L L 1 L L !;
00 02 04 0.6 0.8 1.0

Awareness Share
Figure 1: A comparison of the advertising efforts for a situation where the manufacturer
is involved in advertising and where he is not involved (in the absence of subsidy) using
the awareness share

It is obvious that with the manufacturer’s direct involvement in advertising, the
retailer is relieved of much of the advertising burden, which means, the reduction in his
advertising effort. Also, we observe that with the manufacturer’s involvement, the total
advertising effort is larger compared to when he is not involved.
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Figure 2: A comparison of the advertising efforts for a situation where the manufacturer
is involved in advertising and when he is not involved (in the absence of subsidy) over
time.

We can also illustrate the effect of the manufacturer’s advertising involvement
over time. To do this, we need explicit expressions of the awareness shares, using the
dynamics in (19) and (1). This is achieved in (43) and (44), respectively and illustrated in
Figure 2. Just like Figure 1, it shows that with the manufacturer’s involvement in
advertising, the retailer does not need to continue to spend the same amount on
advertising. More specifically, the advertising effort reduced for all t. However, with the
manufacturer’s involvement, the total channel advertising effort increases.

7.3. The Awareness Shares in the Absence of Subsidy

7.3.1.  Awareness Share without Manufacturer’s Direct Involvement in Advertising
(in the Absence of Subsidy)

From (22) and (19), we have that

X'(t) = Br PrBryl = x(t) “;_x(t),/ 1— x(t) — 6x(t)

2 2
= [ifR _ PRERYZC 4 (p), (40)

Using the integrating factor
2 2
I.F = exp [f (BRBZJ) dt] = exp [@ t] , (41)

and multiplying (40) by (41), we have
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BiBr +26 | B2Bg + 28 |[BEBg + 26
exp ft x +exp 2 t > x

_ BiBg + 26 . B&Br
= exp > > |
Integrating and making x the subject, we have

_ _BRBr C
B2 2Bp+268
BEBR+26 exp[ﬁR f .

Att =0, x = x,. Thus, we have

BiBr

C=xy— BB
Yo" g 128

Using C in (42), we have

2 2 2 2

B BRr+28)xo—BEB BRr+28

2ﬁRR (Bz R2 )xo—BR Rexp[ BRBR t].
BRBR+26 BRBR+26 2
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(42)

(43)

7.3.2.  Awareness Share with Manufacturer’s Direct Involvement in Advertising (in

the Absence of Subsidy)
Using (24) and (25) in (1), we have

, BrBra=0)V1 — x .BMBM( —pV1l—x
x(t)=[ﬁR O By T-x
—O0x
_ B&Br(a=0) + BiiBu(a=0)
2
_ B&Br(a=0) + BiiBu(a=0) + 25] X
5 )

Using the integrating factor
2Br(a=0) + BiBu(a=o) + 28
exp U (BR R(a=0) 5;\/1 M(a=0) )dt]

ZBraeo) + BEBuy(qeo) + 20
_ exp [(.BR R(a=0) ﬁ; M(a=0) >t]

and proceeding by a similar argument as above, we have that

B&Br(a=0) + BiiBu(a=0)
BEBr(a=0) + BiBu(a=0) + 268

+ (BI%BR(a:O) + BiiBua=0) + 25)"0 - (ﬂ}%BR(oFo) + BAZ/IBM(a:O))

BEBr(a=0) + BiBu(a=0) + 26
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2 _ 2 _ s
X exp [— <ERBR(“_°)+E;W M=o )t] (44)

7.4. The Effect of the Manufacturer’s Advertising Effort on the Awareness Share (in
the Absence of Subsidy)

Now let us consider the effect of the manufacturer’s advertising effort on the
awareness share, when there is no subsidy

1<O T T T T
08+, T — — — — ¥ata=0)
8 I "-' ssssssssssssses x(A_‘(x:O)
= 3
78] 06 r It' 1
8 H
g H
§ 04 - {' 1
£
02 -f ]
|
0 2 4 6 8 10

Time
Figure 3: The awareness share for a situation where the manufacturer is involved in
advertising and a situation where he is not involved (in the absence of subsidy).

From Figure 3, we observe that with the involvement of the manufacturer in
advertising, the awareness increases. This implies that despite the fact that the
manufacturer’s involvement leads to a reduction in the retail advertising effort, the
increase in the overall (channel) advertising effort leads to increase in the awareness
share.
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7.5. The Effect of the manufacturer’s Advertising Effort on the Payoffs (in the

Absence of Subsidy)
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Figure 4: A comparison of the players’ payoffs for a situation where the manufacturer is

involved in advertising and where he is not involved (in the absence of subsidy).

190

175

Value (Payoff) Functions

170

185 |

180 |

- - -
- - -
- -
- POt
L -"'--‘ R i
_ e - - - - V(ﬁv,a:o)"' VA*,a:O)
""""" sssssssssesnnes V(A_,GI:O) + V(A',a:D)
00 02 04 0.6 0.8 1.0

Awareness Share

Figure 5: A comparison of the channel payoffs for a situation where the manufacturer is

involved in advertising and where he is not involved (in the absence of subsidy).

Considering Figure 4, we observe that with the manufacturer’s involvement in
advertising in the absence of subsidy, his payoff reduces while the retailer’s payoff
increases. This (reduction) can be interpreted to be a result of the increase in advertising
expenditure. However, a look at Figure 5 shows that this leads to increase in the total
channel payoff. Thus, with a good profit sharing arrangement, the manufacturer will not

be short changed.
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8. EQUILIBRIUM CHARACTERIZING SUBSIDIZED RETAIL
ADVERTISING

In the next result, we have the Stackelberg equilibrium characterizing a situation
where retail advertising is subsidized. It gives the manufacturer and retailer’s advertising
efforts and the resulting payoffs for a situation where retail advertising is subsidized.
Proposition 8.1. The Stackelberg equilibrium (a, A, «) characterizing the situation
where the manufacturer participates in retail advertising is given by

A(x) = LB“;“"‘, (45)
Br(2Bpm+BR)A(x)
= BRomP RS 4
a(x) = HE A (46)
— ZBM—BR, (47)
2Bp+BR
and the condition is that
2B, > Bg; (48)
and the associated value functions are
VR(x) = Cy + Bgx, (49)
where
_ 8MR
Br = 2By (2834 +BE)+BEBRr+8(p+8)’ (51)
_ 16My—-BEBE
By = 4[p3BRr+(BE+Ba)BM+4(p+8)]’ (52)
2 252 2
Cp = ZﬁRBRBm+ﬁ};iR+43M3RBM ) (53)
2_,p2 2\p2 2
Cy = (8B% 4[3’R+4[3’M)f2,;+BRBR(BR+4BM). (54)

Proof: When subsidy is given by the manufacturer, we have that « > 0. Now, from
(15), we have that (16) becomes

_ Br(@VM+vR)A()
a(x) = By (55)

Using (15) and (13) in (6) and (11), we have

BAVR -0 vM+vE) N BV (1-x)

R _
pV® = Mpx + o >

— VRox (56)

and
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Br(VM? = (KHHA —x)

pVM = Myx — e
4 BRVM VM + V(A - x)
4
2 (oMY g
+ ) G20 sy (57)
respectively.
Let
VR(x) = Cg + Bgx (58)
so that

Since subsidy is provided, using (60) in (9) and (55), we have (45) and (46), respectively.
Now, putting (58) and (60) into (56), we have

2 _ 2 —
BrBr(1—x)(2Bym+BR) + BuBrBM(1-x) Bpéx. (61)

p(CR + BRX) = MRX + 3 5

Equating the coefficients of x and constants, we have (51) and (53), respectively.
Also putting (59) and (60) into (57), we have

2 2 _p2\rq_ 2 _ 2 p2 (q_
p(CR + BRx) = MM.X - BR(4BM 1:R)(1 x) + BRBM(ZBN:'—BR)(l x) + BMBA:(l x) - BM5X. (62)

Equating the coefficients of x and constants, we have (52) and (54), respectively. =

Observe that (48) implies that
4By > 2By + Bg.

It follows from (31) that a large B,, implies a large A. Therefore, with subsidy,
as the manufacturer’s advertising effort increases, the retail advertising effort reduces.
Using this result, we now consider the effect of the manufacturer’s advertising effort on
the retail advertising effort, the awareness shares, and the payoffs when subsidy is
provided. This is the focus of the section.
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9. THE EFFECT OF THE MANUFACTURER’S ADVERTISING
EFFORT WHEN SUBSIDY IS PROVIDED

9.1. The Effect of the Manufacturer’s Advertising Effort on the Retail Advertising
Effort when Subsidy Is Provided
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Figure 6: A comparison of the advertising efforts for a situation where the manufacturer
is involved in advertising and a situation where he is not involved (in the presence of
subsidy) using the awareness share.
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Figure 7: A comparison of the advertising efforts for a situation where the manufacturer
is involved in advertising and where he is not involved (in the presence of subsidy) over
time.

From Figure 6 and Figure 7 we observe that, just like the situation where there is
no subsidy, the total channel advertising effort is larger with the manufacturer’s
involvement. This is further made clear in Figure 7, which shows that this improvement
is consistent in the long-run.
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9.2. The Effect of the Manufacturer’s Advertising Effort on the Awareness Share
when Subsidy Is Provided

To consider the effect of the manufacturer’s advertising effort on the awareness
share for a situation where subsidy is provided, we first obtain the awareness share for a
situation where the manufacturer is directly involved and where he is not directly
involved in advertising.

9.2.1. Awareness Share in a Situation without the Manufacturer’s Involvement in
Advertising

From (19) and (23), we have that
Br(Bg + ZBZ,),/l —x(t) Neero)

— 6x(t).

x'(t) = Br

Proceeding as discussed in subsection 6.3, we have that

e .

t) =
x(©) BZ(Bg + 2By) + 46 B2(Bp + 2By) + 45

9.2.2. Awareness Share for a Situation where the Manufacturer Is Involved in
Advertising

Further, by using (45) and (46) in (1) and following similar argument above, we
have that

‘= Bi (ZBM(a>0) + BR(SR>0)) + 2B Bur(a>0)
Jif3 (ZBM(a>0) + BR(a>0)) + 285 Bu(aso) + 46

(.BI%(ZBM(ODO) + BR(a>O)) + ZBIEIBM(DDO) + 46)x0 - (ﬁ;% (ZBM(a>0) + BR(a>0)) + 2.312wBM(a>0))
+

BE(2Bua>0) + Bria>0)) + 284 Bu(a>o) + 40
_<B}%(ZBM(0(>U)+BR(UL>O))+ZBI\Z/IBM(UL>O)+46>L,
4

Xe
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Figure 8: The awareness share for a situation where the manufacturer is involved in
advertising and a situation where he is not involved (in the presence of subsidy).

We observe from Figure 8 that there is an increase in the awareness share,
resulting from the manufacturer’s involvement in advertising. Thus the reduction
resulting from the manufacturer’s involvement can be considered to be based on the
confidence reposed by the retailer on the manufacturer’s advertising effort. It therefore
follows that this involvement can serve as additional support (in the presence of subsidy)
for retail advertising.

9.3. The Effect of the Manufacturer’s Advertising Effort on the Payoffs when Subsidy
Is Provided

We observe that the improvement in advertising resulting from the
manufacturer’s involvement increased the awareness, which eventually led to increase in
both the retailer and manufacturer’s payoffs. This is clear from Figure 9. Further, Figure
10 illustrates the improvement of the channel payoff resulting from the manufacturer’s
involvement in advertising.

Now, considering Figure 4, we observe that in spite of the manufacturer’s
involvement in advertising, his payoff is lower in the absence of subsidy when compared
to a situation where he is not involved in advertising. Figure 9 shows that with his
involvement in advertising, his payoff is larger with subsidy. It is therefore clear that his
direct involvement in advertising and indirect involvement through the provision of
subsidy give him a better payoff.

Further, we observe that with subsidy and the manufacturer’s direct involvement
in advertising, both the retailer and the manufacturer’s payoffs are better compared to a
situation where the manufacturer is not directly involved in advertising, except through
subsidy. Thus this aggressive advertising approach is justified.
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Figure 9: A comparison of the players’ payoffs for a situation where the manufacturer is
involved in advertising and where he is not involved (in the presence of subsidy).

195 . .
S0 [ -7 ]
g - - ]
= - 1
= -
= —_
s ]
=2 Ot
s L e
S
5] e
= 180 - see®
= R M
S e N — V(}%q* a>0) +VA+,a>0)
---- LRI R Y NNY) V(A_,CI!>O) + V(A_,C{>0)
]75 P I — PR E— ; [ ! ’ ! 1
0.0 02 04 0.6 0.8 1.0

Awareness Share
Figure 10: A comparison of the channel payoffs for a situation where the manufacturer is
involved in advertising and where he is not involved (in the absence of subsidy).

10. EXISTENCE OF THE UNIQUE SOLUTION

Here we show that second order conditions are satisfied. To achieve this, it is
sufficient to show that there exist unique solutions to the given differential games (1) to

(4).

10.1.  Uniqueness of Solution when Retail Advertising Is Unsubsidized
Now, observe from (38) and (39) that by equating the coefficients of x, we have
(28) and (29), respectively. We show that (Bg, B,,) constitutes a unique solution to the

coupled equation (28) and (29) (and by extension (38) and (39)) for a situation where
retail advertising is unsubsidized.
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Using (28) in (29), we have the equation
3BrBR + 16(p + 6)BEBE +

8(2BE My — BEMy + 2(p + §)?)BE — 16M3 = 0. (63)
Now, let
16(p + 8)3 8(2B4My — BEMg + 2(p + 6)?)
T R 36 o
0 _ 16M3

== Q=5
3’ 0 3B

Thus (63) can be expressed as
F(BR) = Bg + a3Bg + azBﬁ + alBR - ao. (64)

Now, from (64), we have that as By — +oo, F(Bg) — 0. Also, F(Bg) < 0at
Bgr = 0. Further from (64), F is differentiable, which implies that it is continuous,
passing through the Bg-axis at least twice.
Now,
o if all the four roots are real, then there will be three positive and one negative, or
there will be three negative and one positive.
o if there are only two roots which are real, then while one will be positive the
other will be negative.

1. F can be expressed as

F(Bg) = (BR — Bg (1))(BR - BR(Z))(BR - BR(3))(BR — Bg (4))
Where Bz (1), Br(2), Bg(3), Br(4) are the four roots with
Br(4) > Bg(3) > Br(2) > Br(1), By(2) >0, Bz(1) < 0.
We observe that at Bz (3) , the slope is negative. That is
F'(Br)|p=5p(3) = (Br(3) = Br(1))(Bx(3) — Bx(2))(Br(3) — Bx(4)) < 0.

2. Now, differentiating, we have that
F'(Br) = 12fx B + 48(p + 8)BiBi + 16(2B5 My — BiMg + 2(p + 6)*)Bg
>0 V By

since My, > My.

Thus from 1 and 2 above, we infer that there is only one positive root which is unique.
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10.2.  Uniqueness of Solution when Retail Advertising Is Subsidized

By similar argument as the above, we have that (61) and (62) lead to (51) and

(52).
Now, rearranging (51) and substituting into (52), we have
8My — BFB3 — 8(p + 8)Bg
2(2B5 + Br)Br
16M,, — BZB3 -
2 2 2~ (8Mr — BiBi — 8(p + S)BR)
= 4(BiBr + 4BEBi)Br — 32(p + 8)[4BEBis + Br1Bi
+64[(Mg — 4My)BEBi; — Mu(Br + 4Bw) — 4B (p + 8)%1B§
—256(ppF + 6BF)MyBy + 256(8% + Bi)ME = 0.

Let

.= 256(B% + Bi) M
T 4(BLBE + 4BEBY)
S 256(pBi; + PRI M
T A(BEBE+ABEBY)
64[(Mg — 4My) Bk B — My (Br + 4B3) — 4B (p + 8)°]
4(B Br + 4Bz B)
a = - 32(p + 8)[4B B + Br]
4(ByPr + 4BrBi)

a, =

)

so that we can write
F(Bg) = Bi + a3B3 + a,B3 + a, By + a,.

Obviously, as By —» too, F(Bg) = 0. Also, at By = 0, F(Bg) > 0. Clearly, F
is continuous. It follows that its graph passes through the Bg-axis at least twice. As such,
there will be

o four positive real roots, or

e two positive and two negative real roots.

Suppose that all four roots are positive and real, then, the slope at the largest
must be positive. This means that if Bz (1), Bg(2), Bg(3), Br(4) are the roots such that
Br(4) > Br(3) > Br(2) > Bg(1), then expressing F in terms of these roots, we have

F(Bg) = (Br — Bx(1))(Bg — Br(2))(Bgr — Br(3))(Bx — Br(4)),
and the slope at Bz (4) is
F'(Bp)|pg=pp@) = (Br(4) — Bx(1))(Br(4) — Bx(2))(Bx(4) — Bx(3)) > 0.
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But

F'(Bg) = 16(By Bz + 4B&Bi)Bi — 96(p + 8)[4Bz By + BrlBi
+ 128[(Mg — 4My) BE B — My (Bg + 4Bw)
— 4B (p + 8)*1Bg — 256(pBi; + SBE) My
<0

since My, > Mz >0, PBgr, By €10,1] and 0 < § < Br < By. Hence, there exists a
unique solution to the differential game.

11. CONCLUDING REMARKS

In this work we study the effect of the manufacturer’s advertising involvement
on the retail advertising effort, the awareness share, and subsequently the payoffs. To
achieve this, the work considered a non-stochastic version of He et al. (2009) for a
situation where retail advertising is subsidized and where it is not. We observe that with
the manufacturer’s direct involvement in advertising, the awareness share, the players’
payoffs, and the channel payoffs are larger both for the subsidized and unsubsidized
channels. However, the subsidized channel payoff is larger with the manufacturer’s direct
involvement in advertising.

This work has a few limitations and there are possible extensions. First, it
considered a situation involving a single manufacturer and a single retailer. This can be
extended to a situation where there is competition between a number of manufacturers
and retailers. Secondly, instead of the manufacturer, we can consider the retailer as the
Stackelberg leader since situations exist where the retailer is powerful enough to dictate
terms to the manufacturer. Finally, recall that the involvement of the manufacturer in
advertising increases the channel payoffs for the situation where retail advertising is
subsidized and where it is not. Therefore, it is necessary to ensure that the manufacturer
is not shortchanged in the process of providing subsidy and directly engaging in
advertising. Thus a kind of agreement (a bargain) should be reached by the players. This
can be incorporated into the work.

Acknowledgement: The first author would like to thank the reviewers, the editor(s), and
management team for their useful comments, suggestions, patience and commitment
towards this work.
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