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Abstract: Early researches related to the interaction between manufactures for comple-
mentary products, mainly considered price as only the dimension of competition. With
the increasing competition in capturing the market share, manufactures cannot compete
by only lowering prices. In this paper, we assume that besides the price, the manufactures
choose warranty as the competitive strategy of two different but substitutable products
in a duopoly supply chain with one common retailer. Furthermore, two cases are consid-
ered (i) only one manufacturer adopts warranty policy as a competitive strategy against
the other, (ii) both manufacturers offer warranty on their product, to study under which
situation offering a warranty becomes more profitable for a manufacturer while the other
competitive manufacturer has already adopted warranty policy. The profit functions of
the manufacturers and the retailer are then maximized under manufacturers’ cooperative
and non-cooperative strategies. We then compare the scenarios under different decision
strategies numerically, which gives some insights on changes of key parameters to help
the decision makers to capture the market.

Keywords: Warranty, Pricing, Supply Chain Management, Quality, Stackleberg Game.
MSC: 91B24.



210  S. Kundu, et al. / Joint Optimal Decisions on Pricing and Warranty Policy

1. INTRODUCTION

With rapid trends in business globalization and current competitive environ-
ment, the marketing strategies of the business have to be renovated to face the
challenges of the global competitive marketplace. Today, various brands of a single
kind of product (e.g., smart-phone manufactured by Samsung, Vivo, Apple etc)
are often sold by the same retailer. Thus, the business models have experienced
significant changes to improve customer service reputation in highly competitive
market.

The competition among the companies was mainly concerned with prices, but
in this modern age of social networking, the trust and support of the customers
play a vital role in the business world. Thus, a good reputation of a business
in terms of quality of the product and consumer service becomes crucial to its
survival. Customer can forecast the durability of the product based on its length
of warranty (Boulding and Kirmani [4]). To avoid the risk whether the product
will serve as expected or not, the majority of the customers favor to buy a prod-
uct from a manufacturing company who offers a warranty period guaranteeing
replacement, refunding or repairing of the product during this period. As a result,
the manufacturer can explore the market strategy that offer warranty on their
product, e.g., Hyundai, Acura, Audi, Mercedes-Benz in the automobile market,
Hewlett-Packard, Panasonic, Samsung, Cannon in the electronics market.

Therefore, it becomes important for manufacturers to decide on how to set the
optimal wholesale price for their product because the demand of the product not
only depends on its own price but also on the price of its complementary product.
It is also observed that the manufacturer adopts some marketing strategies such
as warranty for competition. As a result, it turns out to be more challenging for
the manufacturers to decide how to set warranty period and wholesale price to
increase their profit individually and for retailer, it becomes a crucial task to set
their retail prices to satisfy the customer demand. We have addressed this issue
by considering the demand of each product decreasing with its own price and the
competitor’s warranty period and increasing with its own warranty period and the
competitor’s price, which corresponds to reality in many practical situations. To
examine the situation under which offering a warranty becomes more economical
for a manufacturer while the other competitive manufacturer has already adopted
warranty policy, we consider two scenarios (i)one manufacturer offers warranty on
his product and the other does not (case 1) (ii) both manufacturers offer warranty
as the competitive strategy (case 2).

2. LITERATURE REVIEW

Dealing with warranty policy for products has gained much interest from re-
searchers. Regarding the agreement of warranty policies, manufacturers adopt
different types of warranties such as (i) free replacement warranty policy, (ii)
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money back warranty (full refund) policy, (iii) outsourcing maintenance service
policy, (iv) Pro-rata warranty (replacement at a cost or refunding a fraction of its
purchasing price) policy. Boom [3] discussed a situation where a monopolist sup-
plier reimburses the risk-averse consumers by three types of warranty rules (a) no
warranty, (b) money back guarantee, (c) renewing free replacement. Rinsaka and
Sandoh [6] considered the case in which the manufacturer replaces the product or
system with a new one for its first failure but minimal repairs are conducted with
the succeeding failures during the warranty period. Asgharizadeh and Murthy [2]
developed a game theoretic model where repairs are carried out by an external
agent under a service contract when the equipments fail. Algahtani and Gupta
[1] studied a renewable two-dimensional Pro-Rata warrantee policy for end-of-life
products.

In the present market, it is observed that multiple brands of a single type of
product (e.g., sunglass made by Ray Ban, Gucci, Oakley etc) is often sold by the
same retailer. In this situation, price, discount, warranty, or other service contracts
are significant sale factors in capturing market share. There are numerous studies
involving pricing problem (e.g., Choi [10]; Raju et al. [7]; Zhao et al. [8]; Tsay
and Agrawal [20]). Choi [10] developed three types of pricing games of different
power structures between two manufactures and a retailer in a two-echelon supply
chain to examine how channel profits split among the channel members. Choi
[11] extended this monopoly common retailer channel model by introducing price
competition between duopoly common retailers where each manufacturer sells the
same product to both retailers. Luo et al. [12] investigated the price competition
between two manufacturers and a retailer in which the retailer sells differentiated
brands, a good brand and an average brand, supplied by two manufacturers.

To solve the problem of gaining the market share, many researchers have fo-
cused on both price and warranty/ service /capacity/location as the dimensions of
competition (e.g., Wei et al. [13]; Tsay and Agrawal [14]; Hall and Porteus [15];
Iyer [16]; Tsao and Su [17]). In this study, we consider a pricing and warranty pe-
riod decision problem in a supply chain consisting of two competing manufacturer
and a common retailer. Lu et al. [18] examined a pricing and warranty decisions
problem in a two-echelon dual supply chain model. Taleizadeh et al. [19] analyzed
two markets with different level of willingess to pay for product with a common
manufacturer at both markets who offers warranty as a competing factor when a
third party distributer acts as a gray market. However, most of the studies which
consider warranty as the effective strategy to boost the sales tend to ignore war-
ranty cost as the function of product quality, and consider warranty cost as the
function of length of warranty period and failure rate. But warranty cost mainly
emerges due to poor quality level of a product. In the recent years, industries are
continuously trying to reduce warranty costs by increasing product quality.
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3. ASSUMPTIONS and NOTATIONS
To develop the model, we make the following assumptions and notations

3.1. Assumptions

e The model structure is developed for two different but substitutable products
consisting of two manufacturers and a common retailer.

o Warranty cost of manufacturer depends on quality level of product and war-
ranty period.

e Manufacturer bears a quality improvement cost to lessen the warranty cost.

e The manufacturer is more powerful in making decision than retailer.

3.2. Notations

Qp,

wi;  The wholesale price per unit by the manufacturer ¢ in case j

Dij The retail price per unit product produced by manufacturer ¢ in case j
Ty, The warranty period offered by the manufacturer 7 in case j

Be " The price sensitivity factor (8. > 0)

By The warranty period sensitivity factor (8; > 0)

Ne The degree of price competition between the manufacturers (. > 0 )
Nt The degree of warranty period competition between the
manufacturers (n; > 0)

The market potential of the product produced by manufacturer i(c,,, > 0)

i The quality level of the product produce by the manufacturer i (¢; € [0, 1])

C; The production cost per unit of the manufacturer 4
4. MODEL FORMULATION

In this paper, we develop a two-echelon supply chain model, where a common
retailer sells two complementary products produced by two manufacturers indexed
by i € {1,2}. Thus, it leads to a competition between manufacturers. Besides the
price, to attract the customers, the manufacturers provide a free repair warranty
policy as a competitive strategy against each other. Manufacturer ¢ faces the
warranty cost Cpr; = \T7iq; ‘Si, which is convex and decreasing with respect to
the quality level ¢; for any §; > 0 (i.e., % <0, a;f;;" > 0) ( Noll [21]). We also
see that this cost function Cp; is increasing and convex with respect to warranty
period Tp; for any v; > 1(i.e., ggﬁl > 0, 8327%L_i > 0). To reduce the warranty
cost, manufacturer ¢ expends cost Cp,,(q;) = clmj 1Eiq,- in improving his product

quality level, which is increasing and convex with respect to ¢;, (i.e., Bg—q@ > 0,

2
aai;’” > 0), limg,0Cp, = 0 and limg,_1Cyy,, = 00 in the range ¢; € [0, 1].
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4.1. Only one manufacturer offers warranty (Case 1)

In this situation, only the manufacturer 1 offers warranty on his product. We
consider that the demand function for a product is decreasing with respect to its
own retail price and increasing with respect to the complementary product’s retail
price. On the other hand, increasing warranty period offered by manufacturer 1,
increases manufacturer 1’s demand and decreases manufacturer 2’s demand. Thus,
we design the demand functions of manufacturers respectively as follows

Di1(p11,p21,Tr,,) = ap, — (Be +ne)pr1 + nepar + (Be + 1) Ty, (1)
and
Do1(p11,021, T, ) = apy — (Be +ne)p21 + 0epr1 — T, - (2)

The profit functions of two manufacturers and the retailer can be written respec-
tively as follows

q _
T]Dm11 = (wll —C1 — leﬁ — )\1(]1 51T211)D11, (3)
—q1
TPy, = (w21 — c2)Da (4)
and
TP, = (P11 — wir){op, — (Be +ne)p11 + nep2r + (Be + 1) Ty, }
+  (p21 — wai){ap, — (Be +ne)p21 + nep11 — ne Ty, - (5)

4.1.1. Decentralized decision

In decentralized decision making, considering the reality, we assume that the
manufacturers are more powerful in decision making than the retailer, i.e., the
manufacturers act as leaders and the common retailer is their follower. Based
on the reaction of the retailer on retail prices, the manufacturers make decisions
on their wholesale prices and warranty periods. To determine the retailer best
response on retail price, we first optimize retailer profit function for the given
manufacturers’ decision variables. That is

max TP, (p11,p21|wir, w21, Tr,,). (6)
The optimal values of p1; and ps; are obtained by solving 8(,?:;1 =0 and 887;)1::1 =0
as follows
Pl = w11 + (Be +ne)(Be + 1) — neme To,, + (B + 776)0‘171 + NeOlp, (7)
2 28.(B. + 277c) 28:(Bc + 2776)
and
iy = ey (B +me)ne — (B + "“)mTLU 4 ety + (Be + ne)ap, (8)
2 28.(B. + 277c) 28:(Bc + 2776)
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Note that
32TPT1
317%1

82TPT1
817%1

= _2(56 + 776) < Oa

=—2(8c.+1n:) <0

and

0?°TP,, 0*TP,, 0’TP., 0°TP,

opty  Op Op110p21 Op210p11

That is TP, is a concave function of p1; and ps;. Now the manufacturers make
decisions, taking into account the retailer’s best response on retail prices, with
the objective of maximizing their own profit. We develop two decision models by
considering the manufacturers’ cooperative and noncooperative decision strategies.

= 4(ﬁc + 770)2 - 4773 > 0.

Manufacturers’ noncooperative decision (MNC) strategy

In this situation, two manufacturers maximize their profits non-cooperatively and
make their decisions on wholesale prices and warranty periods independently sub-
ject to the constraints imposed by equations in (7) and (8). Hence, the manufac-
turers’ decision problem is formulated as follows

* *
max TPmll (’LU11, W21, TL11 7p11(w117 W21, TL11)5p21(w117 W21, TLll))
(w11,TLy;)
mwax Tszl (’UJ11, w21, TL11 7p>{1(w117 w21, TL11)vp§1 (wllv w21, TLn))
21

subject to (7) and (8).
(9)

The partial derivatives of T Py,,, (w11, w21, TL,,, P51, Ps1) With respect to w11, 7L,
and TPy, (w11, w21, TL,,, Py, P51) with respect to wa; are respectively as follows

TPy, 1 1

—\Mc c alle = T
Jwns (Be + ne)wir + oW1 + 2(5t + )Ty,
1 ~ —81 1 q1
+ *(ﬂc + nc))‘lTL ¢ T 590p + (/Bc + 770) 1+ Cmy—— s
2 11 2 1— q1
(10)
oTP,, 1 q1 -5
Wﬂ“ = §(Bt + 1) (wll —cC1— letql M1 ™
1 1
- §>\171TZL 1ql o {apl — (Be + ne)wir + newar + (B + nt)TLll}
(11)
and
0T P,,,, 1 1 1
. — 3l - c c — —nT] 11 ’ c c .
Dioa, 57wl (Be + ne)w2r 5 TL +2{ pa + (B +77)C2}

(12)
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Solving equations 825’:’1“ =0, 8;;1; "l = () and agiz’fl = 0, we have
11
Wt — 2(Bc + ne){ap, + (Be +nec)er} + nefap, + (Be + ne)eat
11 =

4(Be +1ne)? — Tl?
2¢m, (Be + 770)2‘11
(1 — q1){4(Be + nc)? — 2}

{2(Bc + 1) (Be + ) (1 + 71) - ncm}{m}ﬂl
PR e (13)
mmnck nC{apl + (BC + 770)61} + 2(60 + nc){alh + (ﬁc + 770)02}

= 4(Be+ 1c)® — 12
+ le”t:(ﬂc + 776)Q1
(1= q1){4(Bc +nc)? — 2}
1
51 -1
{inten (14 2) = 2050+ nom { gt |
+ ,(14
4(Be +ne)? —n? 14
and
L )\1’71(50 + 77c) .

The corresponding retail prices under MNC strategy respectively are as follows:

mnck wTIVLnC (ﬂc + 776)(515 + nt) — NNt rsemne (Bc + nc)apl + TNecQp,

P11 = + TL11 +

2 2Bc(Be +2nc) 2B¢(Be + 21c)
(16)
and
pmnc* — u}émlTan + (ﬁt + 77t)77c B (BC + 776)7775 Trmne + NecOpy + (BC + nc)apz

- 2 26(Be + 21c) b 26.(Bc +2n.)
(17)

where w7, w3, TFM" are given in Equations (13), (14), and (15).

Proposition 1. The profit function T P,,,, under decentralized MNC strategy is
a concave function in wiy and Tr,, if (1 — 1){ap, — (Be +ne) W™ + new§i™e* } +
(1 + DB +n) T > 0 and (v1 — Dfap, — (Be + ne)wit™™ + newsi™ ™ + (B +
ne) T} > 0.

Proof. The profit function T'P,,,, under decentralized MNC strategy would be
concave in wyy and Ty, if at the stationary point (wii"**,T7""¢*), the Hessian
matrix of T'P,,,, is negative definite. Here, at (w{}"**,T7\"*)
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8°TP,,,,
-5 o — P ) < 07
PTPyy _ (1= DB+ m){ap — (Be +m ™ + o™’}
aTzn Q(ﬂc + T]C)Tﬂ?c*
1 2
_ O+ DB m)”
2(50 + 770)

it (v = D{ap, = (Be +ne)wit™™ + newsi™ } + (1 + 1) (B + ) T, > 0 holds.

2TPy,, TPy,  0*TP,,, °TPn,

- — 2
aw%l 8Tfl 8’11)11TL11 aTLuwll (ﬁt + 77t) + (ﬂc + 77c)

(71 — 1) (Bt + me){op, — (Be + ne)wl™ + newsi™ ™} (v + 1) (B +me)?
Q(BC + nc)Tﬂ?c* 2(Bc + 77@)

if (v — Doy, — (Be + ne)wii™ + newsi™™ + (B +ne)T7,7*} > 0 holds. This
completes the proof. O

X

>0

Proposition 2. The profit function T P,,,, under decentralized MNC strategy is
a concave function in waoq .

)

Proof. Here at wq; = wii™*

TP,
—_— = < 0.

u, (Be +me)
Hence, the profit function T'P,,,, under decentralized MNC strategy is a concave
function in ws; . This completes the proof. []

Manufacturers’ cooperative (MC) decision strategy

In this situation, two manufacturers cooperate and make decisions jointly to find
their maximum total profit after seeing the retailer’s reaction on retail prices. After
optimization, their joint profit would be divided between the two manufacturers.
Hence, the manufacturers’ decision problem is formulated as follows.

* *
max [Tpmu + Tszl](wn, wa1, Tr,, 7P11(w117w217TL11)ap21(w117w21>TL11))
(wi1,w21,TLy,)

subject to (7) and (8). (18)

The partial derivatives of T'P,,,, + T P,,,, with respect to wi1,T7,, and wsy; are
respectively as follows:
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a(7—‘P7nll + TPle)

= —(Be +ne)wir + Neway

Owyy
1 _
+ 2{(5t +n:)Tr,, + (Be + Ne)A14q élTZL}
1 q1
+ 5 ap, + (Be +ne)er — neca + emy (Be + 1e) 1 5
—aq1
(19)
(T Py, + TP, 1 I
( mawzl a1 ) = newir — (Be + ne)way — 5{77,5TL11 + g 61TZH}
1 q1
+ 5 Qp, + (ﬁc + 77c)02 — NeC1 — lencli (20)
—q1
and
TP, +TP,, 1
( 51TL 21) _ *int(uﬁl B 62)
11
1 9 =011
+ 5(@ + M) w11 — €1 — Cmy T —Ag Ty
1 _ _
- 5)\1’71% 61T211 l{am — (Be + ne)wit + neway
G T | (21)

8(TP7n11 +TP77L21) — 0 B(Tpmll +TPm21) — 0 and B(TPmll +TP77121) J—
811/11 - ) 811)21 - BTLll -

0, we obtain the optimal values of w11, wo1, T1,,. Analytically it is difficult to
solve these equation. We solve the equation numerically by using Matlab2013
software. Let the solution be wy; = wii®, we; = wy®*, and 11, = Tﬂf*

Solving equations

Proposition 3. The profit function (T Pp,,, +T P, ) (w11, w1, Ty, ) 18 a concave
function if (Br + Uc)2U1 + 2n;ugus + (60 + TIc)U:% + (50 + nc)u% - Ulﬂf < 0 where
ur = —tMy(n— Day " {ap, — (Be +ne)wiic* + newi HTe )2 — Iy (n +
DB+ n)ay (Tre)™ =Y ug = 3B+ me) + 3(Be + ne)Miyiqy * (Te*) 1 and
us = —5m — %mh’hq;él (T )=t

Proof. The second order partial derivatives of (T'Py,,, + 1 Pp,,, ) at stationary point

— mcex mcex mc*
S = (W™, wyi, The) are

82(TPp,, + TPp,,) _ B4n) 02(TPy,, + TPy,
- c c)s
aw%l atSl aw%l

|atSl = _(6c + Tlc)7
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a2(T'Pmu + TPm21)
Tz |

]- —_ mce* mc*
lats, = _5)\171(’71 - Dg 61{04171 = (Be + ne)wii™ + newyy }

mce* - 1 — mc* —
x (T )m—2 — M + 1) (Be + e Yoyt

= w(say),
82(zjjjmn + Tszl) _ 82(TP7H11 + Tszl) _
3w113w21 |at5’1 — 8w218w11 |atS1 = Tc,
82(111:)77111 + TPm21) | LS — 82(jjlj’mll + Tszl) | S
w1101, “re 0Tp,, 0wy o

1 1 - mesx —
=SBt )+ 5B+ n)dmar (L) = ua(say),
62 (TPmll + TPmQI)

tS = tS
|a ! 8TL118w21 |a !
1

1 — mesk —
= 3= 5770)\1'71(]1 o (T7e)" =1 = ug(say).

The Hessian matrix Hy of (T'Pp,,, + TP, ) at the stationary point
Sl (wﬁc*v ,wgnlc*7 lezi*)

O*(T Py, +TPmy,)  O*(TPpy,+TPmy,)  0*(TPpy,+TPm,,)
Bwfl Owq10wa1 awuaTLn

ag(TPmu + TPm21)
8w213TL11

H, = O*(TPpy,+TPmy,) O (TPpmy,+TPmy,)  O*(TPpy,+TPmy,) g
1 = Owa1 0w w3, Ow10TL atsy
O*(T Py, +TPmy,) O (TPpy,+TPmy,) 0 (TPpy,+TPmy,)
BTLuawn 3TL118w21 BTgll

The profit function (T'P,,, + TPy,,) will be concave function if the principal
minors of H; are alternatively negative and positive, i.e., if the i*" order principal
minor D; of Hy takes the sign (—1)*. Here,

Dy = —(Bc+n) <0,
_(Bc + 77c) MNe
D =
2 e —(Be +ne)
= (5c+770)2*773 >0
and
Ds = |Hi| = (Be +ne)ur + 2ncugus + (Be + ne)ui + (Be + ne)uz — uan? < 0

if (Be + me)?u1 + 2ncugug + (Be + ne)u3 + (Be + ne)us — uin? < 0 holds. This
completes the proof. O

4.1.2. Centralized decisions
In this decision case, both the manufacturers and their common retailer coop-
erate to maximize the total profit of the supply chain. The total profit function
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under this scenario is

TP, = TP,,, +TPFP,, +TP,
= (pn —C1— Cm, % - AlTZLCIf&l)Dn + (P21 — c2)D12. (22)
- Q1
Hence, the channel members’decision problem is formulated as follows

maz TP, (p11,p21, 1L, )- (23)

(p11,p21,TLy,)

The partial derivatives of TP, (p11,p21,Tr,,) With respect to p11,7L,,, and pay
are respectively as follows:

a;;f? = —2(Bc +nc)p11 + 2nep2r +{(Be +ne)Tr,, + (Be + nc)AIQIélTZL}
s o+ Gt nes = e e (et )2 (24

a;;f:fl = 2nep11 — 2(Be + ne)p2r — T, + Tlc)\lql_élTZil}
+ {ozpz + (Be + ne)e2 — mecr — cm1nclzlql} (25)

and

g?fj = —ne(p21 —c2) + (Bt +ne){p11 — 1 — lelgilql - /\1Q1_6T211}
- )\1’71111511?11_1{@;71 — (Be +ne)p11 + nepar + (Be + )Ty, }
(26)
Solving equations aan [:jl = 0,887; }:jl =0, and ng”l = 0, we obtain the optimal

values of pi1, po1, Tr,,. Analytically it is difficult to solve these equation. We
solve the equation numerically by using Matlab2013 software. Let the solution be

pu1 = pi1, p21 = P51, Iy, =175,

Proposition 4. The profit function TP, (p11,p21,1L,,) is a concave function if
4(Be + ne)?uq + 4770”5?6 +2(Be + ne)ud + 2(Be + ne)uf — dugn? < 0 where

ug = =M =gy “H{ap, = (Be +1e)p§i +1ep5i HTE ) % = My (n + 1) (B +
ey (Tg7,) !

us = (Be+m) + (Betme) Myiar ™ (Tge )"~ and ug = —ne =M (Tpe )
Proof. The second order partial derivatives of T'P., at stationary point

Sz = (pi1, P51, I1;,) are

02TP, O*TP,
: = _2(ﬁ + n )a !
opt, atSs ‘ ‘ Ip3, atS;

= _2(60 + T}c)7
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O*TP, s o
972 - = A — Ve oy, — (Be +ne)p§t + nepsi HTE )2
Li1 latSs
-4 * —
_)\171(71 + 1)(ﬁt + nt)ql 1(T£11)’Yl 1 = u4(say)7
9’TP,, _ 0’TP,, _5
Op110p21 | 445, Op210p11 | 445, fles
0’TP,, 0’TP,, s
10T = 57 9. = (Bt + + (Bc + Ayigy Ot Tex yn—l
Op110TL,, | 4s, ITr, 0p11 | s, (Be +ne) + (Be + ne) L H(TE)
= us(say),
O*TP,, O*TP,, s )
Opor 0Ty = AT o = - —nchimgy H(TE)" T = ue(say).
8p218TL11 atSo 8TL118p21 atSs ¢ 1 ( Lu) ( )
The Hessian matrix Ha of T'P,, at the stationary point So (p§5, psT, Tf’:l)
O°TP,, 9°TP., »TP.,
p3, Op110p21 0p110TL,
H, — 0T P, 8T P., TP, +S
2= Op210p11 op3, 0p210TL,, ato2
o°TP,, 9°TP,, 9°TP.,
0TrL,;0p11  0TLy; Op21 E)Tg11

The profit function T'P., will be concave function if the principal minors of Hy are
alternatively negative and positive, i.e., if the i*" order principal minor D; of H,
takes the sign (—1)*. Here,

Dy = _2(60+770) <0
Dy = 72(5(: + 770) 20
2776 _Q(ﬂc + 776)

= 4(/66 + 770)2 - 4775 >0

DS = |H2| = 4(60 + 776)2u4 + 4770“5“6 + 2(56 + UC)UZ + Q(ﬂc + nc)ug - 47—’44772 <0
if 4(B + ne)?ug + dneusug + 2(Be + ne)ud + 2(Be + ne)u? — 4ugn? < 0 holds. This
completes the proof. [

4.2. Both manufacturers offer warranty (Case 2)

In this case, we assume that demand function of each manufacturer 7 is sym-
metric between two complementary products and is expressed as

Dia(pi2s Pk2, Trhys, Thys) = 0p, — (Be+1e)Diz+nepr2+ (Be+1:) T, — Ty, (27)

where i € {1,2} and k = 3 —i. The profit functions of two manufacturers and the
retailer can be written respectively as follows

TPmiz = (wi2 —Ci = Cmy; 1 o /\iqiéiTZ%2> Diz (28)
J— qi T



S. Kundu, et al. / Joint Optimal Decisions on Pricing and Warranty Policy = 221

and
2

TPr2 = Z(piz - wi2)Di2~ (29)
i=1

4.2.1. Decentralized decisions

In this decentralized decision making, the manufacturers and the retailer oper-
ate independently and the manufacturers make decisions first as Stackleberg leader
and then the retailer reacts as their follower. So, we first determine the optimal
values of pis and poy for given wig, was,Tr,, and Tr,, to maximize the retailer’s
profit function, that is

max TPT'2 (p12ap22|w127w?QaTleﬁTLzz)' (30)
Pp12,pP22
=0 and BTP” =0
as follows
« _ W12 (Be + 1) (Bt +1t) — nene (Be +me)ne — (Be + ne)me
P12 = + TL12 + Lao
2 28:(Be + 21.) 2Bc(Be + 21¢)
(Be +ne)ap, + ey,
+ 31
QBC(ﬁc + 2770) ( )
and
. wa (B +ne)ne — (Be +me)ms (Be +ne)(Be +0t) — nene
p22 - —a + Tng + L22
2 28:(Be + 21.) 2B¢(Be + 2ne)
NeQp, + (Be + 1)y,
+ 32
26c(Be + 21c) 32)
Note that > TP —2(Be+ne) <0, s TP —2(B.+n.) < 0and > Tg O

61’22
%% = 4(B. +ne)? — 4n? > 0. That is TP,, is a concave function of
p12 and pao. Now, observing the retailer’s best response on retail prices, the man-
ufacturers decide to offer wholesale prices and warranty periods with the purpose
of maximizing their own profit. We establish two decision models by considering

the manufacturers’ cooperative and noncooperative decision strategies.
Manufacturers’ noncooperative decision (MNC) strategy

In this situation, two manufacturers maximize their profits independently and
make their decisions on wholesale prices and warranty periods individually, based
on the reaction of the retailer. Hence, the manufacturers’ decision problem is
formulated, as follows.

* *
{ ( m%X )TPmlg(w127TL127w227TL227p12(w127w227TL127TL22)7p22(“’127w227TL127TL22))
wi2,TL,

* *
( m%X ) TPmQQ(w127TL127w227TL227p12(w127w227TL121TL22)7p22(w127w227TL127TL22))
w22,TL,,

subject to (31) and (32).



222 S. Kundu, et al. / Joint Optimal Decisions on Pricing and Warranty Policy

(33)
The partial derivatives of T'P,,,, with respect to w;2 and 17, are respectively as
follows
0T Py, 1 1 _ .
2 = —(Be+me)wiz + Snewrz + = {(Be + 1) TLy + (Be + ne)Nig; " T}
81111'2 2 2 2
- intTLkZ + 9 ap, + (ﬁc + 770) Ci + Cm; 1—q (34)
and
OTP, 2 1 q; gy )
o - Mea2 o — Ci — m,il—)\i.lT%
a7y, B (Br +me) (w 27 Ci = Cmi T 0 q; ‘15,

1 S v —
- 5/\1'%‘%- 5TY o, — (Be + ne)wiz + newnz + (B + 1)Ly, — 0T, -
(35)

where ¢ € {1,2}, and k = 3 —i. Equating the above partial derivatives to zero, we
have

W — Q(ﬁc + nc){api + (ﬁc + nc)cz’} + 7]c{ak + (Bc + nc)ck}
2 4(Be +me)? — 02
+ 2(ﬂc + nc)zcmi% + (60 + nc)ncckak
(L —agi){4(Bc +nc)? =2} (1= gi){4(Bc +nc)* —nZ}

{2(5c+77c)(5t+77t)(1+71i) —Wcﬂt}{ % (Be +m) }wll
)

" 4(Be +ne)? — 02 Ai%i(Be + e
(Be + m)m(l + ﬁ) = 2n.(Be + 1) @Byt m) T
and
s 1
mnck _ qvq(ﬂt +77t) }Wl 37
TLi2 { )\ﬂ/i(ﬁc + "70) . ( )

The corresponding retail prices under MNC strategy respectively are as follows:

pmnc* — ,wg,nc* + (ﬁ(' + nC)(ﬂt + TIt) — Tt mnck + (ﬂt + 77t)77c B (6(' + nc)nt Tmncx
12 2 28:(Be + 2nc) Liz 28c(Be + 2nc) Fre
+ (Be + ne)ap, +neay, . (38)

2f(Be + 2nc)

where w3™** and T7}7°* are given in Equations (36) and(37).

%
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Proposition 5. The profit function T P,,,, under decentralized MNC' strategy is
a concave function in w;z and Tr,, if (vi — 1){op, — (Be + ne)wiB™* + newiy e —
MTE ) (1) (B m)TE2e > 0 and (3, —1) o, — (Be-bmo)w™ +cufe +
(Be + )T — T2} > 0,where i € {1,2} and k =3 —i.

Proof. The profit function T P,,;; under decentralized MNC strategy would be
concave in wjp and Tp,, if at the stationary point (wip"**,T7'7**), the Hessian
matrix of T'P,,,, is negative definite. Here, at (w3™e*, T7")

L2
0*TP,,.
w2 2 = —(Be+me) <0,
72
TPy (= DB+ m){op, — (Be + me)wis" + newiy™™ — mT70e"}
0T}, 2(Be + me) T
(e DB+ 1t)° <0
2(Be + 1c)

it (vi — Diap, — (Be +nc)win™ ™ +newpy™ — Tt + (i + 1) (Be +me) T >
0 holds.
0’TP,,,, 0°TP,,,, 0°TP,,, 0°TP,,, B
8w%1 6Tfn 8w11TL11 6TL11’w11 n

(Bt ) {(% — DB + me){ap; = (Be + ne)wig™™ + newyy™™ —nT7,7"}
ol 2(Be + 1) TE
(vi +1)(B: + m)z} _ 2

+ 2B + 1) (Be +m)" >0

it (vi—1){ap, — (Be+n:)win™ +ncwiy ™ + (B +nt)T}J:;w* - ntTﬂ’;C*} > 0 holds,
where ¢ € {1,2} and k = 3 — ¢ This completes the proof. O

Manufacturers’ cooperative (MC) decision strategy

In this strategy, two manufacturers operate jointly and agree to make decisions
jointly in order to maximize their total profit, subject to the constraints imposed
by equations in (31), and (32). Hence, the manufacturers’ decision problem is
formulated as follows

max [T‘Pmm + TPm22](w127 w22, TL12a TL227PT27P§2)

(w12,w22,Tr,5,TLyy)

subject to (31) and (32). (39)

The partial derivatives of T'P,,,, + 1T Py,,, with respect to wi2, we2,Tr,, and 17,
are respectively as follows:
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6(TPm12 + TPm22)
Owyo

1
= —(Bec +ne)wiz + newaz + 5{(@ +n)TL,,
+ (Be+me) g T}

+ 1{ap1 + (/BC + 770)01 + Cmy (/Bc + 770) E }

2 1—611

1 _ 1
— = (Try, + N2y %TZ;) - nc{cQ + Cm21q2q}’
— 42

2 2
(40)
TPy, +TP, 1 _
( 15’(1)22 22) = TNcWi2 — (ﬁc + nc)w22 - i{ntTng + 77c)\1q1 61TZ;}
1 _
+ 5{(5:& +06)T Ly + (Be + ne) N2y 62TZ§2}
1 q1
_ 2770{01+Cm11_q1}
1 q2
+ 5 {a:ﬂz + (ﬂc + 770)62 + Cmo (ﬁc + 770) 1 }a (41)
—q2
a(TPmm + Tszz) 1 q1 -5
= — — Cppy ——— — A 1T’Yl
OTr. 5 (Be +m)qwiz — c1 — cmy T T ¥
1 _ _
- hMa h
X {apl - (BC + nc)wIZ + ncw22 + (Bt + nt)TL12 - ntTng}
1 42 —d2 Y2
- int Wa2 — C2 — Cmy 1_7(12 — Aagy P17, (42)
and
8(TPm12 + TPmQQ) _ 1(5 4+ ) Woy — Co — ¢ a2 )\2q7(52T’Y2
8TL22 92 t t ma 1— P 2 Loo
1 _ _
- P T

X {ap2 — (Be + ne)waz + newiz + (Bt + 1) Ty — ntTle}

1 a1 —d1m1
— 2’[%{’11}12 —C1 — Cmy 177(]1 - /\1q1 Tle . (43)
Solving equations a(TpméijtZPm,QQ) — 0, a(TPméi:;Zszz) -0, 8(TP,,B:2F;‘,-172‘PW22) _
0 and B(T%W = 0, we obtain the optimal values of wia,wss,71,, and

22
Tr,,. Analytically it is difficult to solve these equation. We solve the equation
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numerically by using Matlab2013 software. Let the solution be wis = w3,

—_ mce* — & _ C
way = Wi, Tpy, = TPe* and Tp,, = TPer.

Proposition 6. The profit function (TP, + T Pr,, ) (w12, waz, Tr,5, Try,) 1S a
concave function if (B +ne)*u11 + 2ncurug + (Be + ne)ud — n2uir + (Be +ne)u < 0
and {(Be+ne)® =02 Huriuiz —ufy) + (Be+1e)urs(ug +ud) + (Be+ne)ui (uig+ud) +
(Ugug + U%“?o) —2(Be +ne)uguioUiz — 2neugliguz — 2NcUrUioU12 + 2N UgUIOUIL +
2ncurugurz — 2(Be + Ne)uruguis — 2uruguguio > 0, where

ur = 3(BeAne)+3 (Betne) Myagr " (Te) =Y, ug = —3m—3neAavags * (Tes )21,
ug = —gm—neMimay (TR ug = 5 (Betne)+ 5 (Betne) Aavagy * (Thes) 271,

by _1) —d1 (Tmc*)'yl—Q
wgy = —2n LGy {ap, —(Betn ) wis +n.why™* —n T3 }— 3 Ay (1 +
D(Betnd)ar (T =1, uag = Snedayngs (TR - 3mAayagy 2 (TFer )2 !

-8 % —2
Aoy2(v2—1)qsy “2(T1S )72
J— 22 mc* mcex mc*
and w13 = — 5 {ap, = (Be + ne)whs™ + newis®™ —n T3} —

SAav2(v2 + 1)(Be + ne)ay * (Tyrer )L,

Proof. The second order partial derivatives of (T'Py,,, +71 Pp,,,) at stationary point

S3 = (wgC*,wgn;*,Tﬂg*,ng*) are
02 (TP, +TPp,,) 02 (TP, + TPhsys)
8111%2 s, = —(Be+ne), 810%2 s = —(Bec +1c),
0? (TP, + TPhsyy) _ 0? (TPn,, +TPy,,) _
8’11)12811}22 atSs N 6w228w12 atSs = Tl
0? (TP, + TPhyy,) - 0? (TP, +TPy,,)
Ow12017,,, atSs N 0T7,,,0w12 atSs

1 1 _
5(@ + ) + §(ﬂc + ) Mmgr ™

(Tt = ur(say),

82 (TP'rmz + Tszz) _ 82 (Tpmu + TPm22)
8w128TL22 atSs aTL22 w1z atSs
1 1 — mesk Yo —
= g — hedanedy " (TE) ™! = us(say),
82 (TPm12 + Tszz) _ 82 (TPm12 + TPm22)
aw?QaTLm atS3 8TL128w22 atS3
1 1 _ Ny —
= —gm— gnedmar (T = ug(say),
62 (TPm12 + Tszz) _ 82 (TPmlz + TPm22)
anQaTLQQ atSs 8TL228w22 atSs

u10, (say)

1 1 — mek —
5 (B ) + 5 (Be 4 ne)daragy * (TLT)
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82 (TPmIQ + TPm22)
Tz |

atSs

82 (TPm12 + TPm22)
01r,,,077r.,,

atSs

82 (TPmlz + TPm22)
Tz

atSs

S Amn = D (T

2
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x{ap, — (Be + ne)wis™ + newas™ — Ny To5 }

1 — mcex =
_5/\1% (y1+ 1) (B +m)qy " (Te ) = gy (say),

82 (TPm12 + TPWZQ)

0Tr,,01r,,

atSs3

1 - * - 1 -4 * -
= gmhima (T 1+§77t)\2'72Q2 2(Tpexyr—t

= wuia(say),

Aya(nz — 1)gz 2 (Ter) =2

2

x{ap, — (Be + ne)wyn™ + newis™ — 0I5 }

1 _
—5/\272(72 +1)(B + m)as 2 (

M C*

TL22

The Hessian matrix Hs of (T'P,,,, + T Py,,,) at the stationary point

)27 = wy3(say).

SS (wgc*’ wgnéc*’ [72(2:*7 ian*)
Hs =
O*(TPp s +TPmyy) O (TPp s +TPmyy) O (TPpm g +TPmy,) 0> (TPp o +TPmy,)
8’(1)%2 611}12811)22 611)128TL12 8w128TL22
O* (TP y+TPryy) 0> (TPimyy+TPmyy) 02 (TPimiy+TPryy) 92 (T Py +TPryy)
szgawlz 61_0%2 ngzaTle 611)228TL22
O (TPpyy+TPmyy) O (TPpmyy+TPmyy) O (TPpyy+TPmy,) 02 (TP y+TPmy,)
8TL126’U)12 aTleanQ 6T§12 aTleaTLzz
O*(TPpyy+TPmyy) O (TPp y+TPmyy) 02 (TPp y+TPmyy) 0> (TP, +TPmy,)
3TL2281012 8TL228w22 8TL228TL12 8T§22

The profit function T'P,,,, + T F,,,, will be concave function if the principal
minors of H3 are alternatively negative and positive, i.e., if the i*" order principal
minor D; of Hs takes the sign (—1)*. Here,

Dl = _(Bc+nc) <07
_(ﬁc + nc) Ne

D =

2 e —(Be +1ne)
= (56"‘776)2_773 >0
and

—(Be +1e) Ne uz

D; = Tle _(Bc + nc) Ug

Uy Ug Uil

= (Be+ 776)2u11 + 2ncurug + (Be + 770)“52) - 77?“11 + (ﬁc + 770)”% <0

ath
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if (Be 4 ne)?u11 + 2ncurug + (Be + ne)ud — nuin + (Be + ne)u? < 0 holds.

|Hs| = {(Bc+nc)” — 02} (urrurs — uiy) + (Be + ne)uas(ug + u3)
+ (Be 4+ ne)urr (uig +ul) + (udud + uduiy) — 2(Be + ne)uouiourz — 2ncugtotsz
—  2ncuruiotiz + 2ncugtiotnn + 2ncuruguis — 2(Be + Ne)urugtia — 2urugligtio
> 0,

if {(Be +1c)* =02} (urruis — udy) + (Be + ne)uas(ud + u2) + (Be +ne)urn (uy +ug) +
(ugud + uuiy) — 2(Be + ne)ugtiourz — 2ncustiginz — 2nUrtigiaz + 2N Ugliigi +
Meurugtys — 2(Be + Ne)uruguia — 2uruguguig > 0 holds. This completes the
proof. [

Proposition 7. Under decentralized MC strategy, the profit of each channel mem-
ber is equal, that is TP = TP = TP and independent of n. and n if two
manufacturers are identical (that is, ap, = Qp,, €1 = €2, Cmy = Cmy, §1 = G2, A1 =

)\2, "}/1 = ’}/2, and 61 = 52)

Proof. Under symmetrical condition of two complementary products, at stationary
point S3 we have

a(TPWIZ + TP”'”ZZ)
Owag

_ 8(TPW12 + Tszz)

atSs 6'[[]12

= 2(Be + 2n¢) (wiy™ — w55™)
atSs

~A(Be + 200)q (T —Tper”) — (By + 2ne) (T = TP ) = 0

(44)
and
- (TP, + TPhy,)
atSs 8TL22

o(TP,, TP,
( 12 + 22) — (ﬁt + 2nt)(w'iréc* _ wéréc*)
aTLn atSs

— * * — * * £7 1
“ABe +2m)q  (TL = T ) = Mg~ [{newss™ — (Be + ne)wis™ YT
—1
H{(Be + me)wi — w3 TR+ (B + ) (T = TS

_ mexmek (rmexy—2  mexY 72 mex? ™t mexY TN
ntTle TL22 (TL12 TL22 ) + a(Tle TL22 )] =0

(45)

m(say),q1 = q2 =

where a,, = a,, = a, (say),c1 = c2 = ¢(8aY),Cmy = Cmy = C
ay), y1 = y2 = v (say) and 61 = d3 = 0 (say). Now, from

q(say), \1 = X2 = A(s
(44) we can write

(Be + 2ne)(wis™ —wys™) = (T7y5 = Tihe )g(Trs Trhy') (say) (46)
= {(Be + ne)wys™ —newis™} = —{ncwy™ — (Be +ne)win™}

ST - TR T
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where (Tjnex)1=i+1 _ (Tynes)y=i+1 — (Tmes _ umes)q, (Tmes pmes) for j —1,2,3

and 2g(T7<", Tre*) = (Be + 2m¢) + A 0(Be + 2ne) 0 (T, Tre*). Hence from
(45), we get

mcxk mesx B+ 2m;

(TL12 - TL22 )|:

Bt 2 9T Te) = Mg (Be + 2n0) 9o (T1SF T7AEF)

— * * * * — £V~ 1 * *
Mg {newhs — (Be + ne)wis Yga(TPes Tie) + Ayq Ties” g(Ter, Tier)

MY (Be A ) g (TS THS*) 4 Ayq ™o, T T ga (T, Time* )
—Myaq °go (TP e, g;g*)] =0.

Thus, from Equations (48), and (46) we can conclude that T7'¢* = T7.%* and
wis™ = wys™ is a solution of the Equations (40)-(43). Now if T7'¢* = T =
T7*(say) and wiB™ = wii™ = wh**(say) is the optimal solution of the manu-

facturers, then from Equations (31) and (32), we get

1/«
pgc* :pgnéc* — 5 (511 + %T[rgc* + w;nc*) :pgnc*(say)
c c

ST Py +TPmzg) (given in expression (40) ) to

and equating the partial derivative R

zero we get

— mesk 1 mex ek
_B;{wg%*_c—cmliq—/\q 5TL2 7}—‘,—2(041,—50102 + 6 T75) = 0. (49)

Hence the manufacturer’s optimal profit becomes

1
TPTrrrLLlc; — Tpmex — {wgzc* 7cfcm1;qq *)\qiéTL%C*’Y }(ap *ﬂcwénc* +ﬂtTg§c*)

mo2 2

and the retailer optimal profit becomes

TP = (py"" —wy")(ap — fewy™™ + BTTy™)
Lioy | B
= —| £ Zrpmex e - B, me* Tmc*
Z(IBC + B. L2 Wy (ap Bewy™ ™ + BT75™)
1 mes q S rrmex” mes .
= w2 me—emy__ s — Mg TS (ap — Bew*™ + ByTT™)

(From Equation (49))
= TP = TP ( independent of 7. and ;).

mi2

This completes the proof. [
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4.2.2. Centralized decisions

In this case, both the manufacturers and their common retailer cooperate and
together they make the decision that maximizes the overall supply chain profit.
The total profit function under this scenario is

TPy = TPy, +TPm, + TP,
2
— 4 —8;
= Z (pz? — C; — Cmi? - )‘qu TLi2> D7;2. (50)
i=1

Hence, the channel members’decision problem is formulated as follows

mazx TP (pi2:p22,Tr1s, Tro,)- (51)
(p12,p22,TL15,TLy,)

The partial derivatives of T'P,,,, + T'P,,,, with respect to pi2,p22,1r,, and Ty,
are respectively as follows:

OT P —61
O —2(Be + ne)prz + 2nep2z + {(Be + 1) Ty, + (Be +ne)May® T}
_ q
- (ntTLzz + 776)‘2‘12 52TZ§2) + {O‘;Dl + (/80 + 770)01 + Cm, (/B(' + 77c) 1 _1611 }
- nc{CQ + C’mz 132(]2}7 (52)
OTP i
81?2:2 = 2ncpr2 — 2(Be + me)p22 — {neTLy, + nehiy 51Tglz}
+ {(Be+ 00) oy + (Be + 100205 T2} — 0ed €1 + ony
2 1-aq
%
+ o+ Gt e+ m 6o+ n) 2L, (53)
0T Py 73 —5
oy, = B+ m){pu —C1— cmll—iql - Aiqq TZ;
- )\1’71(]1_51TZE1 {Oépl — (Be +ne)p12 + nep2z + (Be + 1) Ty, — ﬂtTLm}
q _
— 0 {p22 —Co — szl_quz — Aagy ‘ssz;} (54)
and
8TPCQ q2 -6
a1, = (B + T)t){p22 —C2 — szl—iqz — A2gs 2TZ§2

— domagqy 2T {apz — (Be +ne)p22 + nep1z2 + (Bt + ) Tr,, — ntTng}

q _
- ﬁt{pm —C1— Cmy ﬁ = A1gq asz;}- (55)
—q
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Solving equations BBT:;? = O,BQTPZ;Q =0, 251302 =0 and BTPCQ = 0, we obtain the

optimal values of pi2,p22,Tr,, and 17,,. Analytlcally 1t is dlfﬁcult to solve these
equation. We solve the equation numerically by using Matlab2013 software. Let
the solution be p12 = p75, pe2 = 55, Tr,, = Ti’; and Tp,, = szz.

Proposition 8. The profit function T Pe.o(pi2,p22, T,y TL,,) @S a concave func-
tion if 4(Be + ne)*urs + 4ncurating + 2(Be + ne)uis — 4nZuis +2(Be +ne)ui, <0 and
A{(Be +1me)? = 12 Hursuzo — uiq) 4 2(Be + ne)ugo (uig + uiy) +2(Be + ne)urs(uiy +
ufs) + (uisuis + uiuiy) — 4(Be + ne)ursuirurg — dncursuieuig — Ancurauirulg +
dncursurrurg + 4necuratietizo — 4(Be + Ne)urauisuig — 2ursuisuigurr > 0,

where uiy = (B+n:) +(Betne) My (T )Y wis = —ni—nedoyeqy 2 (T55,) 271,
uie = = — ey "H(TEL) T uar = (B + ) + (Be +ne) Aavagy 2 (TEE, )2 7L,
urs = —=Mm (m = 1)gr " (T2, " Hap, — (Be+n0e)p55+nepss —m T3 } =M (i +
D(Betn gy " (T, 7Y, wre = nediyagy ™ (TE5,) " "L mdayagy 2 (Tg,) 21 and
u0 = —A272(72 — 1)go = (Tge,)>2

{ap, — (Be +ne)p55 +neps — 0115 } — Aay2(v2 + 1) (Bt +0)qo (Tf;)w L

Proof. The second order partial derivatives of T'P.o at stationary point
S4 = (pi;p(é;? T[c/tz ) Tlc,;) are

2 2
8@?;& wtss = _2(60 + 770)7 887;;;& i = _Q(ﬁc + 7]c)>
02T P., _ 9°TP, ,
Op120p22 atS, B Op220p12 atSy = e
92T P,y TP,
Op120TL,, | 445, -~ 9TL,,0p12 atSs
= (Be+ 1) + Be +ne)Mimas ™ (TE )" = uga(say),
9*T Py TPy
0p120T Ly | s, OTL0wOP12 | s,
= = —nedayagy P(TEL) T = uas(say),
92T P,y TP,
Op220TL,, | 445, ~ OT1,,0p2 atS,
=~ — Mgy (TFe ) = uge(say),
TP, TP,
Op220TL,, | 45, -~ 9Ty,,0pa atSs

= (Be+me) + (Be +1e)Aar2a5 > (T5e )2 = uir(say),
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32TP62 Y —1 —01 Te* y1—2 _ c* c*
72 m(mn gy ( L12) {ap, — (Be +ne)pis + Nep3s
Lio latSy
0 T53} — M (v + DB +ne)ar (T, 7 = wis(say),
9?°TP.o B O?°TP.o
0Ty, 077, atSa 0Ty,,,0T7r,,, atSa
= g (T e daegy 2 (TE,) 27! = uig(say),
azTPc2 —d2 Ccx — Ccx Cx
01?2 —A272(72 — gy (TL22)72 2{ap2 — (Be + 1e)p3s + NePis
Los latSy

—0e T3} = Aeya(yz + D)(Be +m)ay * (155,027 = uso(say).
The Hessian matrix Hy of T'Pey at the stationary point (pf5,p5s, T7",)

8T Py 8*T Py 8*T P 8T P,y
op?, Op120p22 0p120TL, 0p1207TL,,
8T P,y TPy 8T Py 8T Py
Op220p12 Op3, Op220TL, 0p220TL,,
H, = 9°TPyy 92TP.o 92TP.o 9°TP., atSy
0TL128P12 8TL12 81722 8TL2’12 aTleaTL22
92T P 92T Pes 92T Pes 92T Pes
3TL228P12 6TL22 Opaa 3TL22 3TL12 8Tg22

The profit function T'P., will be concave function if the principal minors of Hy are
alternatively negative and positive, i.e., if the i*” order principal minor D; of Hy
takes the sign (—1)". Here,

Dl = _2(/86 + 770) < 0,
D2 _ _2(60 + 77(:) 2770
21 _2(50 + 770)

4(5(3 + 776)2 - 4”73 >0

and
_2(ﬁc + 770) 2ne U14
DS - 277(' *Q(ﬂc + nc) Uie
U4 Uie u18

= A(Be + ne) uas + Aneurause + 2(Be + ne)uis — Antuns + 2(Be + ne)uiy <0
lf 4(ﬂc —+ nc)2u18 —+ 417C7.L14U16 —+ 2([30 —+ nC)U%G — 477?;“18 —+ 2(6C —+ T]c)uil < 0 hOldS.

|Ha| = 4{(Bc +ne)® — 02} (wrguzo — uig) + 2(Be + ne)uzo(ufs + uiy)
+ 208 + ne)uis(uiy + uis) + (uisuls + uiguiy) — 4(Be + ne)wrstarung
= Ancuisuieutg — 4Mcur4u1TULY + AN UIsUITULS + ANcUT4UIE U0
- 4(Be + ne)uraursulg — 2urguisuietrr > 0,
if 4{(Bc +1c)* =02 Hurguzo — uiy) + 2(Be + e Juso (uis +uiy) +2(Be +ne)urs(uiz +
ufs) + (uisuis + uiguiy) — 4(Be + ne)ursuirury — dncuisuiguig — Ancurauirulg +
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Ancursuirng + Ancurauicuzo — 4(Be + Ne)uratisuig — 2urauisuigurr > 0 holds.
This completes the proof. [

5. NUMERICAL ANALYSIS

In this section, we compare the optimal solutions for different scenarios with
the following numerical data: o, = oy, = 50;¢1 = c3 = 10; ¢y, = €, = 0.5; 8. =
7.5;m. = 45; 8 = 6.2;m; = 0.3;01 = 02 = 0.5; A1 = Ao = 25,91 = 12 = 2.

In Table 1, we observe that in both cases 1, and 2, centralized decision policy
is the better strategy for overall supply chain than the decentralized decision poli-
cies. Table 1 also indicates that, in case 1 when only the manufacturer 1 adopts
warranty policy, the retail price of product 1 is the highest in MC model, followed
by MNC model, and centralized model. For product 2, the retail price is the
highest in MNC, followed by MC model and centralized model. In case 2, when
both the manufacturers adopt warranty policy, the optimal decisions on pricing
and warranty strategies of two manufacturers are the same under the identical
manufacturer assumption, and the retail price of each product is highest in MC
model, followed by MNC model and centralized model.

Eiajse Models| p1j |P2j TPTJ‘ W14 TLlj TPmlj Waj TLQj Tngj gf;:gi
MNC |23.33]22.55|264.98(19.05|1.156|259.94|18.43 260.09| 785.01

1 MC|[23.46(22.51(260.15]19.30|1.169|259.55 18.34 260.76 | 780.46
Centralized |19.30|18.34 1.169 1040.62
MNC|[23.34(23.34|275.25/19.06|1.156(259.67|19.06|1.156|259.67 | 794.59

2 MC|23.47(23.47(259.89(19.31|1.169|259.89|19.31|1.169|259.89 | 779.68
Centralized | 19.31/19.31 1.169 1.169 1039.57

Table 1: Optimal results for different scenarios

We study the changes of optimal profits of the two manufacturers and their
common retailer by changing the model parameters under different decision strate-
gies (Tables 2-3) to help decision makers take proper marketing decision strategy
and examine when manufacturer 2 generates more profit by offering a warranty
period on his product. Based on the optimal solutions provided in Tables 1-3, it
is also observed that the retailer makes more profit in MNC strategy than in MC
strategy for case 2. In case 1, MNC decision strategy can yield more profit for
manufacturer 1 while manufacturer 2 is better off in MC decision strategy. As
compared with case 1, the retailer makes more profit in case 2 under MNC deci-
sion strategy. From Tables 2-3, we observe the following features and managerial
insights:

Table 2 shows that while . increases, the optimal profits of manufacturers
and retailer decrease in MNC model and MC model for both cases 1 and 2. The
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profit of manufacturer 2 in case 2 will be higher than his profit in case 1, as long
as . < 7.20 in MNC and MC models. We also see that in Case 1, as 3. increases
above a certain level (> 7.60 for MNC model and > 7.20 for MC model) manufac-
turer 2’s profit is greater than the manufacturer 1’ s profit, which indicates that
as price sensitivity coefficient increases, it becomes unprofitable to adopt warranty
policy.

With increase in 3;, the optimal profits of manufacturers and retailer increases
in MNC model (for case-2) and MC model (for both cases 1 and 2) but in case-1
the profits of manufacturer 2 and retailer decrease in MNC model (see Table 2).
The manufacturer 2 generates more profit by offering warranty period in MNC
model if 8; > 6.30 and in MC model if 5; > 6.40.

When 7. increases, the optimal profits of the retailer and manufacturer 2 in-
crease but optimal profit of manufacturer 1 decreases in all model structures for
case 1. But an opposite behavior in the optimal profits of channel members is
recorded in all model structures for case 1 when 7; increases. In case 2, with the
increasing value of 7., in MNC model, the optimal profit of retailer increases but
the optimal profit of each manufacturer decreases and with increasing value of 7,
the optimal profit of each manufacturer and their common retailer increase. The
optimal profit of each channel member remains unchanged when the sensitivity of
MC model in case 2 is investigated for the changes in 7. and 7;, which supports
Proposition 4.2.1.

Table 3 shows that the optimal profit of manufacturer ¢ of all model structures
for both cases is concave with respect to his product quality level ¢;, i.e., initial
increment of ¢; reduces his warranty cost and increases profit, but after a certain
level increase in increment of ¢; increases his quality improvement cost and hence,
decreases the profit. The optimal profit of manufacturer k of all model structures
for both cases increases with increasing value of product quality level g;, and the
optimal profit of the retailer is also concave with respect to ¢;.

With the increase in JA;, optimal profits of manufacturer ¢ and the retailer
decrease but optimal profit of manufacturer k increases in all model structures for
both cases except retailer’s optimal profit of MNC model in case 1, which increases
with increasing value of ;.
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parameter case L case-2
| MNC MC MNC
TP |TPmyq |TPmoy | TPri |TPmyq | TPmoy | TPro |TPmyy |TPmos| T T Py
=] 7-00 [309.3539(303.5614[301.4320[302.6757[303.0820[302.2603[322.7641[303.2682|303.2682[303. 303.5667
7.20 |290.7057(285.2414/284.1025(284.8338|284.8001|284.8676|302.7685|284.9586(284.9586|285. 2852235
7,40 |273.2729|268.0974(|267.846 1187(267.6906|268.5467(284.1125|267.8258(267.8258|268. 68.061
7.60 |256.0543|252.0340/252.5778|252.4397|251.6584|253.2209(266.6816|251.7739(251.7739|251. 251
7.80 |241.6596|236.9657|238.2214|237.7158|236.6185(238.8130(250.3742|236.7175(236.7175|236. 236
.00 |227.3080|222.8158|224.7085|223.8741|222.4944|225.2538|235.0996|222.5795|222.5795| 222! 222
B 6.00 [265.1013]258.0786[260.1106]259.6768[258.6247]260.7280(274.2379]258.7150[258.7150(258. 258.03
6.10 |265.0408|259.4534(260.1023|259.9138(259.0812|260.7464|274.7398|259.1885|259.1885(259. 259.
6.20 |264.9802|259.9362(260.0934|260.1549(259.5454|260.7645(275.2505|259.6703(259.6703|259. 259.
6.30 |264.9194|260.4269(260.0838|260.4002|260.0171|260.7832(275.7700|260.1604|260.1604|260. 260.3834
6.40 |264.8586|260.9256(260.0735|260.6495|260.4965|260.8026(276.2982|260.6587|260.6587|260. 260.8825
6.50 |264.7976|261.4323|260.0625|260.9031|260.9835|260.8226(276.8353|261.1654|261.1654|261. 61.3899
6.60 |264.7365|261.9471|260.0507|261.1608|261.4782|260.8434|277.3812|261.6804|261.6804(261. 261.9058
Mo 0.40 [263.1361[260. [152[250.0364(260. 1547[250.7366(260.5729(273.5685[259.7160(250.7169(259. 8026 250.8026
0.42 |263.8749|260.0441|260.0004|260.1548(259.6598|260.6407|274.2421|259.6990(259.6990|259.8926 59.8926
0.44 [264.6122|259.9723(260.0628|260.1549(259.5834/260.7263|274.9147|259.6801(259.6801|259.8926 59.8926
0:46 |265.3470|259.8999(260.1236/260.1550(259.5074|260.8025(275.5861|259.6603|259.6603|259.8926 59.8926
0:48 |266.0821|259.8269(260.1828|260.1551(259.4317|260.8784(276.2564|259.6395|259.6395|259.8926 59.8926
0.50 |266.8147|259.7533|260.2405|260.1552(259.3563|260.9540|276.0256|259.6177|259.6177|259.8926 59.8926
7L 0.25 [265.1325(250.7004(260.3304(260. 1552[250.3153(260.0052(275.2469[259.6660(250.6669(250. 8026 59.8026
0.27 |265.0718|259.7945(260.2360|260.1551|259.4073|260.9029|275.2486/|259.6685(259.6685(|259.8926 59.8926
0.29 [265.0108|259:8889(260.1411|260.1550(259.4994|260.8106|275.2500|259.6698|259.6698|259.8926 59.8926
0.31 |264.9495|259.9836(260.0455(260.1549(259.5914|260.7183|275.2510(259.6708|259.6708|259.8926 59.8926
0.33 |264.8880(260.0786(259.9494(260.1548(259.6835|260.6261|275.2518(259.6715|259.6715|259.8926 59.8926
0:35 |264.8262|260.1739|259.8527|260.1547|259.7756|260.5338|275.2523|259.6719|259.6719|259.8926 59.8926
Table 2: Optimal profits of channel members for changing the values of f.,B¢,mn. and n: under
different scenarios
parameter case L case-2
| MNC MC MNC

TPy TPmi1 | TPyp1| TPr1 | TPy | TPyp1 | TPr TPmi1 | TPy
;[ 010 [272.0064[265.5068(260.0060(262.9373(265.4600(260.4146[278. T902[265.5770(250. 3282
020 |272.0913|266.2110(260.0103|263.2538(266.0504|260.4572(278.5342(266.1681|259.3705
0'30 |270.2599(265.5820(260.0365|262.9284(265.3331|260.5237278.1894(|265.4518(259.4357
040 |267.9931|263.6344(260.0424(261.9656(263.3102(260.6209(277.1693(263.4312(259.5305
050 |264.9802|259.9362(260.0934|260.1549(259.5454(260.7645(275.2505(259.6703(259.6703
060 [260.6440|253.4555|260:2215(256.9958|253.0040(260:9875(271.9008|253.1356/259.8871
070 |253.6964|241.7484(260.5026|251.3046(241.2413(261.3679(265.8598|241.3846|260.2567
080 |240.4954(217.8053(261.1653|230.6941(217.2481|262.1401(253.5071|217.4146|261.007
0:90 |205.3325|151.4288|263.3572|207.6601|150.8424(264.4777|219.1669|151.0676|263.2844
T 0.10 [262.2254[284.1747(257.58063(271.7111[282.8403(260.5820(287.4821[282.0446[250.5010
020 |264.4160(263.9010(259.8147|262.0463(263.3584|260.7341(277.2544(263.4800(259.6422
022 |264.6672(262.0951(259.9483(261.1848(261.6217|260.7479(276.3418|261.7449(259.6550
024 [264.8833|260.5949/260.0508|260.4692|260.1789(260.7594|275.5835|260.3033(259.665
0:26 [265.0707|259.3289|260.1313|259.8652(258.0612(260.7691|274.9435|259.0867|259.6746
028 |265.2349(258.2462(260.1958|259.3486(257.9197|260.7774(274.3960|258.0461(259.6824
0'30 |265.3797|257.3096|260.2482(258.9017(257.0188|260.7847(273.9224(257.1459(259.6891
0.40 |265.9053|254.0452|260.4070|257.3439|253.8780|260.8099|272.2708|254.0078|259.7125
Table 3: Optimal profits of channel members for changing the values of ¢; and A\; under different

scenarios, where ¢ € {1,2} and k =3 — 4

Models| TP, 15 | TPss | TP E,fg;}:

Owr | MNC [9352.50(9354.50/9305.10| 280141

Model| MC  |9250.40|9250.40|0250.40| 27751 .2
Wei's | MNC [7553.80(7553.80(4335.70/19943.3
Model| MC  |8350.60/8350.60|10105.0|26806.2

Table 4: Comparison of optimal results with Wei et al.’s [13] model when both manufacturers
adopt warranty policty
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Table 4, we have compared our model with the model in Wei et al. [13] using
their numerical data as follows: a,, = oy, = 100;¢1 = ca = 30; 1. = .25; B+ =
.30;m; = 0.2; 8¢ = .3 and remaining parameters of our model remain unchanged.
We observed that in our model when both manufacturers adopt warranty policy,
profits of manufacturers and retailer are higher than that of Wei et al.’s [13] model.
Because Wei et al. [13] expressed the product’s demand function as decreasing
function of its selling price, as well as its complementary product’s selling price
and increasing function of its warranty period and its complementary product’s
warranty period. So, in order to maximize the market demand, the manufacturers
decrease product’s price and increase the warranty period which amplify warranty
cost and result in lower values of profits. Differing from their study, in this model
we consider the demand of each product decreasing with its own selling price and
the competitor’s warranty period and increasing with its own warranty period
and the competitor’s product selling price, that corresponds with reality in many
practical situations.

6. CONCLUSION

In this article, we studied the importance of price and warranty in the interac-
tions between two manufacturers and their common retailer for two complementary
products under decentralized and centralized decision strategies. We consider that
the demand of products depend not only on price but also on warranty period. The
role of warranty as a competitive strategy was explored by examining the model
through two different scenarios: (i) only one manufacturer offers warranty on his
product, (ii) both manufacturers offer warranty on their product. We observed
that as price sensitivity factor increases, the adoption of warranty policy becomes
more unprofitable for the manufacture, but with the increase of warranty period
sensitivity factor, the manufacturer inclines to adopt the warranty policy. Numer-
ical analysis also reveals that in case 1 if a manufacturer adopts warranty policy,
then he will be more profitable under MNC decision strategy. In both cases, the
retailer always earns more profit under MNC decision strategy as compared to the
MC strategy, since under MC strategy the manufacturers make decision jointly
instead of independently and retailer acts as their follower. We also find that the
manufacturer profit function is concave with respect to product quality level.

The proposed model could be extended in many aspects such as developing
the model under stochastic demand pattern, introducing competitive strategies
among multiple retailers and incorporating some contract mechanisms (e.g., price
discount contract, revenue sharing contract, wholesale price sharing contract, etc)
to coordinate the supply chain.

Acknowledgement: The authors thank the anonymous reviewers for their posi-
tive comments and suggestions that improved the presentation of the paper.
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