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Abstract: This paper deals with the existence of solutions and the conditions for the
strong convergence of minimizing sequences towards the set of solutions of the
quadratic function minimization problem on the intersection of two ellipsoids in
Hilbert space.
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1. INTRODUCTION

Suppose that H, F, G; and G, are Hilbert spaces; A:H —» F, H —» G; and
C:H — Gy - bounded linear operators; fe F a fixed element; >0 and r, >0 are

given real numbers; U; and U, ellipsoids in the space H defined by operators B and
C:

Uy ={ue H:[|Bul|<n}, Ug={ue H:||Cu||<rp}.
This paper deals with the extremal problem:
JW)=||Au—f|?—inf, uelU=U;NU,. 1)

We study the existence of solutions and the wellposedness of the problem in
the Tikhonov sense.

As an example of the problem of this type, we can quote the problem of
minimization of the function
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J(@) =] 2(T.w) -z |3 ,
where ze R” and x(¢,u) is a solution of the system of differential equation
x'(t) = B@)x(t)+ D(H)u(t), te(0,T), x(0)=0e R",

T T
lu@) ;= [lu@®)|ge dt<n, ||xEw)l= [lx@u@)? dt<r
0 0

with given matrices B()=(b;j()pxn and D(:)=(di()px - These conditions guarantee
the existence of the solution x(¢,u)e H,IL[O,T] of the previous system for each

ue L5[0,T1].

The same problem with different set of constraints U, was considered in [1],
[2] and [3]. In [3], the set of constraints U was a ball. In [2] the necessary and
sufficient conditions for the existence of a solution have been considered in the case
when U is a half-space, as have sufficient conditions in the case when U is an
ellipsoid. Finally, the paper [1] contains sufficient and necessary conditions for these
problems when the set of constraints U is a polyhedron.

It should be pointed out that this article deals with the wellposedness problem
with the exact initial date which is also the case in the papers [1], [2] and [3]. Methods
for approximate solving of problem (1) with errors in the initial data are considered,
for example, in [3], [4], [5].

2. AUXILIARY RESULTS

Let us introduce the following notions: R(A)={Au:ue H} - the set of
operators values A, AU)={Au:ucU}, Ker A={uc H:Au=0} - kernel of A; M is

the closure of the set M in the space H; L* is the orthogonal complement of the
subspace L < H ; P is the operator orthogonally projecting the space H on the closed

subspace R(A*) ; Pr - operator projecting the space F on the closed and convex set
AU); By - restriction on the operator B on the subspace KerA ; Cyp - restriction

of the operator C on the subspace KerA(1KerB .
Generally, every linear bounded operator A:H — F generates the
decomposition

H=R(A")®KerA. (2)

Lemma 1. The operators A, B and C generate the following orthogonal

decompositions of the space H :

H=R(A")®R(B4)® R(C5) ® (Ker ANKer BNKerC) , (3)
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H=R(B")®R(Ap)® R(C)y5) ® (Ker AN Ker BNKerC). (4)
Proof: By applying (2) on operators By :KerA — Gy and Cyp:KerA(NKerB — Gy we
get

KerA=R(B")® (KerANKerB),
and

KerAN(KerB)H = R(CZB) @ (KerANKerBNKerC).

According to these relations and (2), the relation (3) follows. Relation (4) can
be proved in the similar way. .

In order to formulate the next statements we need the following definition.

It is said that the operator A is normal solvable, if the condition R(A)=R(A) is

fulfilled. This condition is equivalent to R(A")=R(A") ([4]).
Lemma 2. [4] Linear bounded operator A:H — F is normal solvable if and only if

my =inf{|| Au||:u LKer A, |[u||=1}>0,

and than we have
(Vxe R(A") my|lx|<|| Ax|. (5)
This Lemma Immediately implies

Lemma 3. If a linear bounded operator A:H — F is not normal solvable then there
exists a sequence (p,) such that

(Vne N) p,e R(A), | p, |I=1, p, =0, Ap, -0 (n—>).

3. EXISTENCE OF SOLUTION

It is obvious that for a given f e F', the problem (1) has a solution, if and only
if Pr(f)e A(U). Since Pr(F)e A(U), we have that problem (1) has a solution for
every fe F ,if and only if AU)=AU).

Function J is weakly lower semicontinuous since it is convex and continuous.

The set U is weakly closed since it is convex and closed in the norm of H . Suppose
that (x,) is minimizing sequence of problem (1), i.e. that

u,elU,n=12, . ;and lim J(u,)=dJ =inf{J(w):ucU}.

n—eo



52 M. Jac¢imovié, I. Krni¢ / On Wellposedness Quadratic Function Minimization Problem

If for some fe F the sequence (u,) is bounded, then for such f problem (1) has a

solution. Namely, in that case there exists a subsequence (u,,) of the sequence (u,)

and a point u«e U such that

Up, D Us 8S koo,

Since the set U is weakly closed, it follows that u.«e U . The function J is

weakly lower semicontinuous and hence
oJ () < li,gng(unk )=
According to this we have that (u«)=J«. It means that
ueUs=Us={uclU:Ju)=dJ:}.
If U« # O, then it is easy to prove that for each wu«e U« we have the equation
Us=(u+KerA)NU . (6)
By using the equation
Jw)=J ) +{J ) u-vy+|| Aw-0)|?, wvelU,
and the optimality conditions
Vue UXJ (ux),u —ux)y =0
we get the inequality
| A —us) |P< J (w)— o .
From here we have that (x,) is a minimizing sequence of problem (1) if and only if
Au,, — Aux, n—oo.
If A is a normal solvable operator, then according to (5), we get
my || Pu, — Pu« || <|| Au, — Aux || >0, n—oo,
that is
Pu,, — Pus, n—>oo. (7
Theorem 1. If

(i) A is a normal solvable operator,
(ii) B(KerA) - closed subspace of space G,

(iii) C(Ker A(\KerB) - closed subspace of space Gy,

then problem (1) has a solution for each fe F'.
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Proof: According to the theorem conditions, the equation (3) may be written down as
H=R(A")®R(B4)®R(Cp) ® (Ker ANKer BNKerC) .
Let (u,) be a minimizing sequence. Then
Uy =Pu, +x, +y,+2,, %,€R(BY), y,€RCrp), z,<Ker ANKer BNKerC .
Sequence (v,), v, = Pu, +x, +y, is also a minimizing sequence. Besides,
Bv,, = P(Bu, +x,), that is
| B(Puy, + xp) |< 11, [|C(Pup + %, +yp) S 13-
According to (7) we have that sequence (Pu,) is bounded. By using conditions ii) and
iii) and applying relation (5) on the operators B, and C,p, we conclude that the

sequences (x,) and (y,) are bounded. On the basis of this, the sequence (v,) is a

bounded minimizing sequence. .

By using the decomposition (4) and a similar decomposition, we may prove
that operators A, B and C in Theorem 1 may mutually change their places. Let us

mention one of these cases.
Theorem 2. If

(i) B is a normal solvable operator,
(it) A(Ker B) - closed subspace of space F',

(iti) C(Ker A(\KerB) - closed subspace of space G,

then problem (1) has a solution for each fe F .

4. WELLPOSEDNESS

Let in the following definition U < H be an arbitrary closed and convex set,
and J an arbitrary real function defined on the set U .

Definition. [1], [4], [56] We say that the extremal problem
Jw)—inf, uelU
is wellposed in the sense of Tikhonov if the following conditions are satisfied:

(1) Jx=inf{J(@):ue U} >—c;
(@) Us=influeU:J(w)=J:s #D;

(iit) for each minimizing sequence (u,) we have

d(u,,Us)=inf{||u, —u|:ue Us} >0 when n—oo.
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If at least one condition from this definition is not valid, we will say that the
problem is illposed.

The following example shows that conditions of Theorem 1, in general, do not
guarantee the wellposedness of the problem (1).

Example. Let L={xecly:x=(0,x9,%9/3,%3,x3/5,...)} and A be operator of the

orthogonal projection on L'. Operator A is normal solvable. Let operators
B, C:ly — Iy be defined as follows:

Bx =(0,x9,x3,...,), Cx=1(x1,0,x3,0,...,), x=(x1,X9,%3,...)€ 5.
Here we have that
KerA=L, KerB={xely:x=(x,0,0,..)}, KerC={xe ly:x=(0,x9,0,%4,...)},
we can see that B(Ker A)=B(L)=L and Ker A\ KerB = {0} . It means that for sets
Uy ={uely:|Bu| <1}, Ug={uely||Cu|<l},

and for the element f=(1,0,0,...) the conditions of the Theorem 1 are fulfilled. Let us
prove that in this case the problem (1) is not wellposed.

Since fe L*, then Af=f .Itisalso Bf =0 and Cf =f . It means that feU
and then w.=f 1is a solution to problem (1). Let us consider the sequence

U, =0, (ux +v,), where

~1/2
v, = 0,0,...,0,1,;,0,... and o, = 1+;2 -1, noew.
2n+1 (2n+1)

Since v, € L =Ker A, we have that
Au, =oux > ux=Au, n—eo.

Besides, we also have
1
Bun =0,U, and Cun =0, 1,0,...,0,m,0,... .

Therefore, ||Bu, ||=1 and |Cu,|=1. According to this, the sequence (u,) is the
minimizing sequence.

Let us prove that u. is the unique solution of the problem (1). Let v«e Usx.
Then, according to relation (6) we have that there exists

2x = 0,22,2—2,23,2—3,..., c L=KerA,
3 5

such that
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z z
Us = U+ 25 = 1,22,—2,23,—3,..., .
3 5

From here we have

2 2

Z 2
ICoc|P=1+22+23 +...51,

32 5

for z« #0 . In that way U = {u«} . And now, we have
dw,,Us) =lu, —u||=||ayv, — (0, —Dux|| 51, n—>oo. .

In the following theorem we are proving that if we add the condition U. c T},
where I'; is the boudary of the ellipsoid U;, to the conditions from the previous

theorem, then the problem (1) is wellposed.
Theorem 3. If the conditions from the Theorem 1 are satisfied and if

U.cT;={ue H:||Bul||=n}, €))

then the problem (1) is wellposed.

Proof: Let us suppose that (u,) is the arbitrary minimizing sequence. We have

proved in Theorem 1 that there are bounded sequences (x,), (y,) and (z,),

x, € R(BY), y, € R(Cap), 2, € Ker ANKer BNKerC such that

U, =Pu, +x,+y,+z,.

Without a loss of generality, we can suppose that x, —xye R(BZ) and
Yn = Yo E R(CZB), n — o . Then

Pu, +x, +y, > ux=Pusc+xy+yy€ Us. 9)
According to (8) we have || Bux || =r; . Further, from (9) it follows that

n =|| Bus || < liminf || B(Pu,, + x,,) || < limsup || B(Pu,, + x,)||<n,
n—ree n—yeo

that is

lim || B(Pu, +x,)||=n .
n—seo

Further on

lim || B(Pu,, +x,)— Bu«||=r& —2r +r2 =0. (10)
n—e

Operator B, is normal solvable. By applying relation (5) on this operator we

get
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mp || x, — %o || <[] B(x,, = %o) ||=|| B(Pu,, +x,,) = Bux + B(Pus — Puy,) || -
On the basis of relations (7) and (10), we obtain the strong convergence
X, = %9, Pu, +x, > Pus+xy, n —>eo. (11)

Let us consider the sequence (v,), v, = Pus+x9+y, +2, and let us notice

that Av, = Aux, Bv, = Bux and v, = ux, n —oo .
() If ||Cv, || <1y, then v, € U« and in that case we have
d(u,,Us) <||lu, —v, || = Pu, —Pux +x, —x¢ || >0, n —oo.
(b) We suppose here that || Cv,, || >, . Then from
1€ty =11 C(Ptty + %, + )~ C(Pity, — P+ %, — %)

and from relation (11), we can conclude

lim || Cv, ||=r, .
n—soo

(b1) Let us first consider the case ||Cux||>r,. By an argument similar to the

one used in proving the first relation in (11), the strong convergence may be proved:

Yn = Yo, B>
Then

Pu, +x, +y, = ux=Pu«+x9+yy€ Usx.
It follows

d(u,,Us) <||u, —(u«+2,)||=| Pu, —Pus+x, — x5+ ¥, =0 | >0, n >,
80, in the case of (b1) the theorem is proved.

(b2) Let us now suppose that |Cu«|<rp. Let us denote with
En=Yn—Y0E R(CZB) and let us define the sequence (c,,) such that

| Clus + 08 IP=75 (12)
For ¢, defined in this way, we have

s +0, 8, € Usx.

Considering that Pu,, — Pus, x, > x; and g, > gy as n — oo, it is easy to prove that
lim ||Cg, |P=15 — || Cux |?>0. (13)
n—oo

From (12) and (13) it follows that lim,,_,. , =1. And finally,



M. Jaéimovié, I. Krni¢ / On Wellposedness Quadratic Function Minimization Problem 57

d(u,,Us) <||u, —(u«+o,8, +2,) = Pu, — Pus +x,, —xg + (1 —0,)8, || >0, n > oo,
which proves the theorem. .

In the following four theorems we will prove that if some of the conditions
from the previous theorem are violated, then problem (1) does not have to be
wellposed.

Theorem 4. If
(1) R(A)#R(4A),
(i) UNintU =@
then problem (1) is illposed.

Proof: From (i) and Lemma 3 we have that there exists a sequence (p,,) such that

poe R(A™), | pyll=1, Ap, >0 as n—>oo.

According to (ii) we can conclude that there are & >0 and the element uw.e U« NintU
such that

(VneN) v, =us+op,cU.
The sequence (v,) is minimizing, since || Av, — Aux||=0|| Ap, || >0 as n —>oo.

Let v«eU be an arbitrary element. According to (6) we have that
ux —v« € Ker A . Then

v, —vs 2= 0tpy, + s —vs |2= 0% + || s — v |2 o
and it means that the sequence (d(v,,u+)) does not converge to zero. .
Theorem 5. If

(i) B(KerA)# B(KerA),

(i) UscTy={ue H:||Bul||=n},

(Lll) U ﬂintU2 0
then problem (1) is illposed.

Proof: Let u.cU:NintUy. According to the condition (ii) and relation (6), we have
that

U« cu++(KerAKerB) . (14)

The set Ker A may be presented as

KerA=R(B})® (Ker AN KerB). (15)



58 M. Jac¢imovié, I. Krni¢ / On Wellposedness Quadratic Function Minimization Problem

According to the condition (i) and Lemma 3 we have that there exists a
sequence (g, ) such that

4,€ R(By). lq, =1, Bg, >0, as n—eo. (16)
By taking into account the condition (iii), there is € >0 such that
(Vne N) ||C(ux+¢€q,)||<r.
Let us consider the sequence (v,), v, =ux +£q,, . According (14)-(16), we have that
|Bv, ||>r, and lim |By, ||=ry.
N—so0
If we take

n

U, =0,U, =0,Ux+0,q,, O, = ” B ” ,
n

we can see that o, <1 and o, >1 as n — . And now
Au, =0, Aux > Aus as n—eo, |Bu, ||=n, | Cu, [|[<ny.

According to this, the sequence (u,) is minimizing. On the basis of (14), we
have that for each v:e U, there is x(v+)e Ker AN KerB such that v« =ux+x(v«) . That
is why the following holds

d(u,,U) =inf{||u, —vs ||: e € Us} =inf{|| (ct,, — Dts + 2 qy, +x(0s) || 10 € U}

2\/a3£2—(1—an)||u*||—>£ as n—>oo. .

In a similar way, we can prove the following theorem.
Theorem 6. If
(i) C(Ker A) #C(Ker 4),
(i) UscTyg={uec H:||Cul|=r},
(i) U«NintU; 2D
then problem (1) is illposed.
Theorem 7. If
(i) C(Ker ANKerB) = C(Ker AN KerB),
(1)) UscT={ue H:||Bu|=n, | Cul|l=r},
then problem (1) is illposed.
Proof: According to the condition (ii) and relation (6), we have that

Us=u++(KerANKer BNKerC) .
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where u«e Us is an arbitrary element. The set Ker A(1Ker B may be presented as

KerANKerB = R(CZB) @ (KerANKerBNKerC) .

According to the condition (ii) and Lemma 3 we can conclude that there exists
a sequence (g,) whose elements satisfy the following conditions

dn€ R(Cyp), gy =1, Cq, »0, as n—eo.
The further argument is similar to one in the proof of Theorem 5. .

In the proof of Theorem 3, we used relation (7). The conditions of Theorem 2,
do not guarantee this relation.

Theorem 8. If the conditions of Theorem 2 are satisfied and if
U.cT;={ue H:|Bu|=n}, am
then problem (1) is illposed.

Proof: Let us suppose that (z,) is a minimizing sequence. By using the relation (4)

and the conditions of the Theorem, the elements of this sequence may be represented
as

Up=Sp+Xp+Yn +2,,
where

S, € R(BY, X, € R(A;), Y € R(CZB ), 2, € KerANKerB(\KerC.
Then

Bu, =Bs,,, Au, =A(s, +x,), Cu, =C(s, +x, +y,) -

By an argument similar to the one used in the proof of Theorem 3, we can prove that
the sequences (s,), (x,) and (y,) are bounded. Without a loss of generality we can

suppose that

S, =8y € R(B*), X, =Xy € R(AE), Yn = Yo € R(CZB) , 88 n—oo,
Then

SptX, +y, DUs=8y+x9+yy€Usx as n—oo.

As in Theorem 3, using relation (17) and weak convergence of (s,) to sy, strong
convergence

S, =Sy as n-—oo (18)

is proved.
Regarding the fact that the sequence (x,,) is minimizing we have that
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Au, = A(s, +x,) > Aux = Asyg+ Axg, as n—oo.

Then from (18), we have that

Ax, — Axy, as n—eo.

If we suppose that A(Ker B) = A(Ker B) , applying relation (15) on operator Ag, we get

strong convergence

Xp, —>Xg, &S N —>oo.

Consideration of the sequence (y,,) and proof of the wellposedness of problem

(1) are the same as in the points a) and b) in Theorem 3. .

Here we can also prove that if any of the conditions from the previous

theorem is not respected, then the problem (1) generally is not wellposed.
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