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The author of the article "Optimality Conditions and Duality for Multiobjective
Semi-Infinite Programming with Data Uncertainity via Mordukhovich Subdifferential”,
Thanh-Hung Pham has informed the Editor about necessary corrections of the paper, as

follows:
The whole paragraphs, or the parts, starting with Example 13 should be replaced

by the text:

Example 13. Let f: R — R be defined by

fo)— { g ifz >0,

r, ifx <.

By stmple computation, we have

1
M —
v f0) = {1._1}_

It is easy to see that f is e—pseudo-conver of type IT but not =— pseudo-conver
of type I at z = 0. We fisrt prove that f is =— pseudo-conver of type II at = = 0.

1
Indeed, take y = —1.£ = 7 € aMf(0) = {71} and e = 7. Clearly,

1 1
f) +VEly—al = —1+45 = -3 < 0= f(a),

which implies .
Y- =——=10.
(y—= 1S
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We now prove that f is not s—pseudo-conver of type I at x = 0. Indeed, take

_ Y oMy = (L _ !
y——1,£—463 f(l:l}—{d,'l} andf—i. Clearly,
1 1
F@) +VEly -zl = —1+5=—5 <0=f(x)
However,
L y—x) +VEly — —_1 l—l}ﬂ
(!y .Il:l ‘-ly Il_ 4 2_4— -

Next, we can derive the following sufficient condition for a quasi =—solution of

(RSIP).

Theorem 14. Let = = 0 and 0 be conver set. Assume that (T, A, 7,) € Fx ]Rg) %
Vi satisfies the robust approzimate KKT condition with respect to =. If f(.) is
Mordukhovich e— pseudo-conver of type I af T and gq(.,0;),t € T is Mordukhovich
quasi-conver at T, then ¥ € F is a quasi =—solution of (RSIP).

Proof. Let (2, A, 5) € F ]Rf}' » Vi be satisfied regarding the robust approxi-
mate KKT condition with respect to =. Therefore, there exist £, € o flz), & €
aMg(z,7),%t € T with w € NM(z;Q) and b € B, such that

fo+ > Mebe+w+vEb=0. (5)
teT
Since be B,w € NM{T; 1) and (2 is convex set, it follows that, for any =z € F,
(wr‘T - j:‘ =0, {brr_j:' = ”1" - f||
From (5), we have
<Eo + Z/_\Lﬁt-.l‘—f> +Ve|lz —Z|| = 0,
teT

which means that

(ﬁosl—f}‘*'\/gnf—f”2—<Z;\t§hl’—3>- (6)

tel

Moreover, if t € T'(A), then g;(Z,7;) = 0. Note that for any = € F, then g (. 7:) <
0 for any ¢ € T. It follows that g;(r, 7y} < g¢(Z, 0;) for any x € F and t € T(A). By
the Mordukhovich quasi-convexity of g,(.,7,) at ¥ and &, € 9Mg,(Z,7;), we obtain

(67— 2) <0. ()
Combining (6) and (7), we obtain

(€o,x —Z) + VE|[z— 2] 2 0.



V. Vuyji¢i¢ — Kovacevi¢ / Corrigendum

Since f(., ) 1s Mordukhovich s—pseudo-convex of type I at &, it follows from
Definition 11 that

f(@) +Vellz - 2l = f(2).
Therefore, T is a quasi e—solution of (RSIP). This completes the proof. O
Now, we present an example to show the importance of the Mordukhovich

s—pseudo-convexity of type I in Theorem 14 (function f(.) is given in [27] page
87).

Example 15. Let z c B,t € T = [0,1].0 = [0, +oc) and vy € Vy = [2— 1,2+ 1]
foranyteT. Let f: R = R and g: K = V; — R be defined by

fla) = { :czsiné, ifr#0,
0. ifz=0,

and
gelw,ve) = tr? — Q.
Then, F = [0,2] and NM{z:Q) = NM(z:[0, +o0)) = (—oc,0]. Let us consider

T=0X =0 and 7 =2 — t. Note that f(.) is locally Lipschitz at T and g:(., T¢)
is conver at . We have,

aM f(z) = [—1,1]( see [27] page 87) and I} gz, 0:) = {2(t — 2)} -
We prove that f(.) is not Mordukhovich s—pseudo-conver of type I at T. Indeed,

take § = ﬂ"ﬁ =0 aMf(z)=[-1,1] and 0 < /= < T Clearly,

(&7 — )+ VElg — 2| = vElF — [ = 0.

However,

4 P)
Flo) +vElg— 3| = —ga + ‘/E-g < 0= f(z).

Now, take an erbitrarily 00 < \/Z < 33 Then, (%, A, T;) € F x ]RE‘_F] =V, satisfies
T
the robust approrimate KKT conditions with respect to =. Indeed, let us select

VE=—,2=0,A=0,5, =2—t and B = [-1,1]. Then,

4 -
0e (—oo,, E} =aMf(z)+ Z/\,Bfgf(i',ﬁt} +NM(z;R) + /2B,
teT
and Ag(%,7) = 0.
However, ¥ =0 is not a quasi e—solution of (RSIP). In order to see this, let
2
us:aker:EEFandﬁ=§, Then,

f(:}+ﬁ|x_f|=—g—:2+—<o=_f(f}.

In the special case when V}; is a singleton, we can obtain the following result.

Corollary 16. Consider problem (SIF). Let = = 0 and (1 be conver set. Assume
that (7, A) € F x RE—) satisfies approrimate KKT condition with respect to =. If
f is Mordukhovich e—pseudo-conver of type I at T and gi.t € T is Mordukhovich
quasi-conver at T, then T € F is a quasi =—solution of (SIP).

In the following theorem, we give another sufficient optimality condition for
robust s—quasi-minimum of (RSIP).
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Theorem 17. Let = = 0 and £ be conver set. Assume that [f,./_\;,, ) e Fx R(f) ®
Vi satisfies the robust approzimate KKT condition with respect to . If f(.) is
Mordukhovich = —pseudo-conver of type II at T and g;(., 7).t € T is Mordukhovich
s—quasi-conver at T, then & € F is a quasi e—solution of (RSIP).

Proof. Similarly to the proof of Theorem 14, there exist & e 8" f(z), & <
OMg(z,v,).¥t € T with w € NM(£:Q) and b € B, such that

(ﬁo,r—f}z—ﬁllx—fll—<Z)_\¢£nr—i>- (8)

teT

On the other hand, if £ € T'(A), then ¢:(7,7;) = 0. Note that for any = € F,
gi(z, 7)) < 0 for any £ € T. It follows that g,(z,0,) < g,(%,7;) for any z € F
and t € T(A). By the Mordukhovich s—quasi-convexity of g,(.,7;) at T and & €
Bfgr,{f, T¢), we obtain

(6,7 — 2) + VE|]z — 2| < 0. ()
Combining (8) and (9), we obtain

(SD‘.I _f) = 0.

Since f(., @) is Mordukhovich s—pseudo-convex of type II at z, it follow from
Definition 11 that

f@)+VEllz — 2| = f(3)-

Therefore, T i1s a quasi e—solution of (RSIP). This completes the proof. O

Now, we present an example to show the importance of the Mordukhovich
=—pseudo-convexity of type II in Theorem 17.

Example 18, Let f,qi.t € T,Q and V, be defined as in Example 15. Then, F =
[0,2] and NM (#Q) = NM(z; [0, +o0)) = (—cc,0]. Let us consider £ =0,; =10,
and 5y, = 2 —t. Note that f(.) is locally Lipschitz at T and g,(.,7;) is conver at I.
We have,

M f(z) = [~1,1] and 8¥ gu(z,5) = {2t — 2)}.
We prove that (.. 1) is not Mordukhovich s— pseudo-conver of type IT at T. Indeed,
2 1=
take j = 5—,{ =0 Mfiz)=[-1,1] and 0 < /= < 3 Clearly,
ag—z)=0=0.
However, s 5
Tl g — T = —— c.— = 0= f(x).
£@) + VAl — 7| = —g + VEgm < 0= 1(2)
2 .
Now, take an arbitrarily 0 < /= < —. From Ezample 15, (z, A, 7)) € F x RE—] x
V: satisfies the robust approrimate KKT conditions with respect to =. By virtue of
Erample 15, ¥ =0 is not a quasi =—solution of (RSIF).

In the special case when V; is a singleton, we can obtain the following result.



V. Vuyji¢i¢ — Kovacevi¢ / Corrigendum

Corollary 19. Consider problem (SIP). Let = = 0 and Q be conver set. Assume
that (z,A) € F x Rf) satisfies approrimate KKT condition with respect to =. If
I is Mordukhovich e —pseudo-conver of type IT at & and gy, t € T is Mordukhovich
s—quasi-conver at T, then T € F is an s—quasi-minimum of (SIP).

Maotivated by the definition of generalized convexity due to [8, 9] and [20], we
introduce a new concept of generalized convexity as follows:

Definition 20. Let gr := (gi)icT. 2 = 0.

(i) We say that (f,gr) is Mordukhovich =—quasi generalized conver on F at T,
“Ef fOF‘ any T < F! ‘ED (S a‘“f(‘i} and ‘Et S azjz‘-fgt{fsvt): LIS Vht S .TJ there
erists w € R™ such that

{lo, w) + VEllz — 2| = 0= f(2) + VEllz — 2| = f(3),

gi(z,ve) < gu(T,0e) = (§w) <0V eT,

and
(b,w) < ||z — =||,¥b € B.

(ii) We say that (f,gr) is Mordukhovich strictly e—quasi generalized conver on
Foatz, if foranyz € F,&, € OMf(z) and & € Mg, (z,v,), v, €V, t €T,
there erists w € R™ such that

(o, w) + Ve|lz — 2| 2 0 = f(2) + VEll= — 2| > f(2),

gL(I,FL) = g’;(i‘,l’g) = {Ebw) it Uth € T

and

(b,w) < ||z — #||,¥b € B.

Now, let us provide an example illustrating our Definition 20 (i).

Example 21. Let r € Rt € T = [0,1] and v, € V, = [t — 1, —t] for any
teT\B=[-1,1]. Let fi:R— R and g: R x Vy = R be defined by

flz) = |z +2° and gi(z,v;) = via®.

Then F = R. Let us consider £ = 0, we have M f(z) = [-1,1] and 8Mg(z,v,) =
{0}. Let us considerz=—-1e F=R & =0 dMf(z),& e dMg(z,v),0<= <
1, by taking w = = = —1, it follows that w € R,

(€ovw) + VElz — 2| = VE2 0= f(2) + VElz — | = vE 2 0 = f(3),

gz, v) =v S gu(7,0) =0= {{w) =020t T,

and
(bow)=-b<|z—z|=1¥be [-1,1].

This shows that ( f, gr) is Mordukhovich s —quasi generalized convez on F at 7 € F.

139
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Next, we give sufficient conditions for a feasible point of problem (RSIP} to be
a quasi e—solution and a quasi weakly s—solution.

Theorem 22. Let = = 0. Assume that {:;T:,)_u,ﬁ;} e F % RgJ x Vi satisfies the
robust approrimate KKT conditions with respect to .

(i) If (f,gr) is Mordukhovich e—quasi generalized conver on F at T, then T is
a quast weakly =—solution of (RSIP).

(i) If (f.gr) is Mordukhovich strictly e—quasi generalized conver on F at T,
then T is a quasi s—solution of (RSIP).

Proof. Since (T,A, @) € F x ]Rf) x V; satisfies the robust approximate KKT
condition with respect to £, there exists & € @ f(z). & € ¥ g(z, 7). ¥t € T with
w e NM(z:Q) and b € B, such that

o+ Zf_\tﬁt +w+Eb =0, g (T, 7¢) = 0.
teT

or, equivalent

fo+ ZI\@ + V&b = —w. (10)

=T
Je first prove (i). Suppose on contrary that T is not a quasi weakly s—solution of
(RSIP). It then follows that there exists x € F satisfying
flz) + vEllz — 2| < f(2). (11)

On the other hand, if ¢ € T'(A), then g:(Z,7:) = 0. Note that for any = € F, then
gelx, ;) < 0 for any ¢ € T. It follows that

ge(x,0¢) < gi(Z,0¢), for any x € F and t € T(A). (12)

By the Mordukhovich s —quasi generalized convexity of ( f,gr) on JF at T and (11),
(12), there exists d € R™ such that (x # T)

(o, d) + Vz||lz — z|| < 0,
(ghd} = Drt E-Tr

and
{b,d) < ||z — Z||.vb € B. (13)
Therefore, we have

{€o,d) + D Ac (€ed) + Velz — 2| < 0.

teT
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On the other hand, by (13), one has
<£o + z Aebe + \/Eb,d> = 0,
teT

which contradicts (10).
We now prove (i1). Suppose on contrary that ¥ is not a quasi s—solution of
(RSIP). It then follows that there exists x € F satisfying

f@) + Vellz — 2| < f(2). (14)

On the other hand, if t £ T'(A), then g;(%,7;) = 0. Note that for any » € F, then
ge(x, 7)) =0 for any ¢t € T. It follows that

ez, Te) < g4(T,0), for any z € F and t € T(A). (15)

By the Mordukhovich strictly s—quasi generalized convexity of (f.gr) on F at =
and (14), (15), there exists d € R™ such that

{éo:d:' + \/EHI_T” = Dr
(e.d) <0t €T,
and
(b,d) < ||« — z||.¥b € B. (16)

Therefore, we have

(Eosd) + Y A (& d) + VE||z — 2| < 0.

teT

On the other hand, by (16), one has

<Eu - z Ak + \/Eb,d> <0,

teT

which contradicts (10). This completes the proof. O

4. MOND-WEIR TYPE DUALITY IN ROBUST APPROXIMATE
OPTIMIZATION PROBLEM

In this section, we Investigate some results for s—Mond-Weir type robust du-
ality for robust optimization problems under Mordukhovich s—quasi generalized
convexity assumptions.
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Now, we consider the Mond-Weir type dual problem (RUD) of (RSIP} as given
by

max  f(y)
st 0€dMfly)+ > A gy, v) + NM (5;Q) + VEB,
(RUD)

el
’\Lge(yr?-’r.} =0,
yeQrheRD c>0u eV, tel

The feasible set of (RUD) is defined by
Frup = {(1, A, o) € QxR x Wy |0 M f(y) + > MM gu(y,ve) + NM (3:9)
teT
+VEB, Aege(y, ve) = 0.}

Now, we give the following definition of a robust approximate quasi-solution
for (RUD).

Definition 23. Let = = 0.

(i) We say that (3, A, 7:) € Frup is a quasi s—solution of (RUD) if for any
{y‘./\hvt) = FR_UDJ

f) +Velly —gll = f(y).

(ii) We say that (§, A, 1) € Frup is a quasi weakly s—solution of (RUD) if for
any (y. A, vs) € Frup,

f@) +Velly —gll = f(y).

Now, we establish the following approximate weak duality theorem, which holds
between (RSIP) and (RUD).

Theorem 24. Let £ >0 and x € F. Suppose that (Z, X;,ﬁg—} < Fpup.
(i) If (f.gr) is Mordukhovich =—quasi generalized conver on F at I, then
f(@) > f(z) = Vel|lz — 2.

(i) If (f.gr) is Mordukhovich strictly =—quasi generalized convex on F af T,
then

f(@) = f(2) - Vellz — 2.

Proof. Since (%, A, 0¢) € Fpup, we have £ € Q.0 € Vi, &y = 0,1 € T and

0" f(z) + 3 M gu(#,5) + N (2, Q) + VEB, (17)
teT
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From (17), there exist £ € 8" f(x),£& € M g(z,v), ¥t € T with w € NM (2;0)
and b £ B, such that

b+ Ml + Vb= —w. (18)

teT
We first prove (1). Let x € F. Suppose on contrary that
flx) < f(z) - VE[lx — 2. (19)

Note that for any x € F, ge(z,7¢) < 0 for any t € T and A 2 01;\191(.’_!7,171;] >
0,7, € Vi, t € T. It follows that

iz, 7)) <0 < g, (7, 7). (20)

By the Mordukhovich = —quasi generalized convexity of (f, gr) on F at T and (19),
(20), there exists d € R™ such that (r # )

(éo,d) + VEl|lz — z|| < 0,

(af:d} < D:t = Tr
(b,d) < ||z — ||, ¥b € B.

Therefore, we have

(o, d) + D M (€ d) + vE||z — 2] < 0. (21)

teT

On the other hand, by (18), one has

(€o.d) + 3" Ae (€erd) + VEllz — | = — (w,d) > 0,

teT
which contradiets (21). Thus,
fx) > f(@) — Vel — 2|
We now prove (ii). Let = € F. Suppose on contrary that

f(z) < £(@) — VEllz — 2. (22)

The Author appologizes for the inconveniences he has made to the readers and
the Editors.



