Yugoslav Journal of Operations Research
32 (2022), Number 2, 251-278
DOL: https://doi.org/10.2298 /YJOR210617003J

A NOVEL TECHNIQUE FOR SOLVING
TWO-PERSON ZERO-SUM MATRIX GAMES
IN A ROUGH FUZZY ENVIRONMENT

Vinod JANGID
Department of Mathematics, University of Rajasthan, Jaipur-302004, India
vinodjangid124@gmail.com

Ganesh KUMAR
Department of Mathematics, University of Rajasthan, Jaipur-302004, India
Corresponding author: ganeshmandhal988@gmail.com

Received: June 2021 / Accepted: March 2022

Abstract: This study proposes a novel way to deal with uncertainty in a two-person
zero-sum matrix game with payoffs expressed as fuzzy rough numbers. Complete and
reasonable solutions to these types of games are obtained. In this research we develop two
linear programming models with upper and lower approximation intervals of fuzzy rough
numbers and handle multi-objective crisp linear programming models by incorporating
trapezoidal fuzzy rough numbers as payoffs. To provide each opponent with the optimal
strategy and value of the game, the usual simplex approach is applied. Finally, two
numerical examples demonstrate the matrix game outcomes using Wolfram Cloud.
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1. INTRODUCTION

Game theory is a mathematical concept that can be used to simulate the strate-
gic interactions of two or more players because it combines science, engineering,
and logic. It has a wide range of applications, including the analysis of diverse
industries, firms, and sectors. The concept of game theory arises with the idea of
equilibrium strategies in two-person zero-sum games which was invented by [35].
Afterwards, [33] expanded the concept to cooperative and non-cooperative games.
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But in the study of traditional game theory, all the data of game have precise
values which are known exactly by the players of the game. However, in recent
time not all the data known by the players have the precise values. Fuzzy sets refer
the imprecise and ambiguous nature and were introduced in [56], [57]. Further [9],
[3] and [4] extended the concept of game theory for modelling the conflict situa-
tions with vagueness information. By applying the theory of fuzzy games many
researchers [7, 10, 22, 29, 34, 25] contributed to develop mathematical program-
ming, ranking approaches, defuzzification techniques etc. These results played
a significant role to handle the fuzzy decision-making problems. In recent years
fuzzy games have become an interesting theory to analyze the real-life competi-
tive problems. [58] used FLP approach to solve crisp LPPs with several objective
functions. [37] outlined a procedure to solve a majority voting game. Succeed-
ing this fuzzy linear programming approach [11] defined such models to solve the
two-person zero-sum fuzzy matrix games. Fuzzy multi-objective matrix games
were studied in [46] using max-min solution procedure. [36] analyzed the multi-
objective conflict resolution problems of games . [28] characterized the equilibrium
strategy for two-person zero-sum fuzzy games. A mathematical approach based
on defuzzification technique was described in [5]. Further, the concept of duality
in linear programming was used in [51] and [42] applying possibility and necessity
relations. In [12] was proposed a new approach to analyze two-person zero-sum
matrix games (TPZSMG). Several researchers [27, 45, 47] examined the concept
of defuzzification to solve TPZSMG. In [39, 40] were extended the interval-valued
fuzzy numbers to rough fuzzy sets. [21] investigated rough fuzzy sets. In [53]
new approaches for the study of these sets were used. Using the concept of fuzzy
rough sets, interval-valued FMG was proposed in [13]. [54] studied TPZSMG
with rough payoffs. Also, an FMG in rough scenario using genetic algorithm
was explained in [44]. Later [43] investigated a procedure to solve interval-valued
FMG. [38] studied transportation problems with RFNs. Two-person zero sum
stochastic linear quadratic differential games with deterministic coefficients were
explored in [49], and the required condition for the finiteness of open-loop lower
and higher values, as well as the presence of an open-loop saddle point, were de-
rived. A new technique for solving multi-objective linear programming problems
in neutrosophic environments was developed in [52] by utilising linear membership
function (LMF). Multi-objective linear fractional programming problems under a
hesitant fuzzy environment can be solved using a solution approach proposed in
[23]. To solve the two-person zero-sum matrix games in a fuzzy environment,
[24] used the signed distance ranking approach. In [6] were introduced two novel
methods for studying fuzzy linear programming problems with triangular fuzzy
numbers as uncertainties, based on fuzzy centre, core, and radius. In [41] alpha
cut and goal programming approaches were used to create a new fuzzy multi-
period multi-objective portfolio optimization issue in an uncertain environment,
taking three practical limitations into account: wealth, risk, and liquidity. In [16]
was explored a two-person zero sum matrix game with fuzzy payoffs in credibility
space and created an expected value model for it. In [15] a new strategy based on
lexicographic order rather than the ranking approach was proposed to solve the
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neutrosophic linear programming problem with trapezoidal neutrosophic numbers
as payoffs for greater decision-making flexibility. Some similarity measures for
rough interval Pythagorean fuzzy sets with properties like as Cosine, Jaccard, and
Dice and built multi attribute decision making algorithms based on these simi-
larity measures were created in [48]. In [1] was developed a mathematical model
based on a fuzzy method for a multicriteria decision making problem using the
concept of a two-person zero sum matrix game with asymmetrical triangular distri-
bution. A novel technique for tackling the linear programming problem in the Diet
problem in a Pythagorean fuzzy environment to deal with managing permeability
and insufficient information was presented in [14]. In [30] was used a two-person
zero-sum matrix game with probabilistic language information to answer a multi-
criteria decision-making problem. For solving the two-person zero-sum matrix
game with intuitionistic fuzzy goals and payoffs as symmetric triangular intuition-
istic fuzzy numbers in [32] was provided a new method. In [50] were developed
three distinct duality models to investigate a class of multi-objective fractional
programming problems with non-differentiability in terms of higher-order support
functions. Wolfe type second-order multi-objective symmetric programming prob-
lems with various duality relations along with relevant duality theorems under
(F, Gy)-convexity assumptions were investigated in[19]. Later, [20] investigated
a second-order non-differentiable symmetric dual model over arbitrary cone con-
straints and some relevant duality theorems under strongly K-pseudo-convexity
assumptions. Some relevant duality theorems under high order K-convexity and
K-pseudo-convexity assumptions and introduced a pair of non-differentiable multi-
objective Mond-Weir type higher-order symmetric fractional programming prob-
lems over arbitrary cone constraints were proved in [17]. In [18] was investigated
a class of new type unified non-differentiable higher-order symmetric duality in
scalar objective programming over arbitrary cone constraints under generalized
assumptions and derived some appropriate duality theorems over arbitrary cones
undern-pseudo-convexity/ n-invexity/ C-pseudo-convexity/ C-convexity. More re-
cently, constrained MG with fuzzy rough payoffs were analyzed in [8]. In [2] was
proposed a mathematical model for solving fuzzy integer LPP using triangular
FRNs.

The present study includes the following novelties:

e In a two-person zero-sum matrix game with payoffs as rough numbers, a novel
technique is established to address perception and ambiguity concerns.

e Complete and relatively reasonable solutions are achieved.

e Two linear programming models with upper and lower approximation inter-
vals of fuzzy rough numbers are solved in form of multi-objective crisp linear
programming models.

e Introducing the trapezoidal fuzzy rough numbers as payoffs in games.
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o New class of games TPZSFRMG are solved by standard simplex method.

The remaining part of this paper is organized as follows: Section 2, presents def-
initions and preliminaries. In Section 3, fuzzy rough linear programming models
are presented. Section 4, gives the proposed solution procedure and is the main
part of the paper. In Section 5, numerical examples are provided to justify the
solution procedure. Finally, Section 6 concludes the paper.

2. Definitions and Preliminaries

This section deals with certain fundamental definitions and notions of rough
and fuzzy theory to be used in this document.

2.1. Trapezoidal Fuzzy Number(TFN)

A fuzzy number defined on the real line as universal set X denoted by the
quadruplet A = (§,&,€,&,) is said to be a TFN if 5 : X — [0, 1] is defined as
e sh<se<e

4 S

I <z <¢

pAT) =\ o E<z<¢
57‘75 ’ - B T

0 ;elsewhere

The a-cut of a TFN A = (&€, £,€,) is a closed crisp interval A, = &+ a(€ -
gl)afr - a(gr _E)] = [AévAg] for o € [07 1]'

2.2. Fuzzy Rough Number

A fuzzy rough number is denoted by A% = [A* AY], where 15, : X — R and
tiuv : X — R are piecewise continuous functions and satisfy the condition that
P () < pju(x) Vo € X,

The a-cut of FRN AR is AR = [(A, M1, ALYE) - (ALEY, ALYY)) with (A 5E, ALVE)
C (A2, 4,17,

2.8. Trapezoidal Fuzzy Rough Number(TFRN)

A fuzzy rough number A% is said to be a TFRN denoted by A% = [AL, AV] =
(&5, e e 6 ULy (MY, M Y, 6.UY)] such that the real values &2V, &,
M, EM, & UL €YY satisfies the condition &Y < &t < M < EM <gUr <
ETUU and -
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¢+ LL
;w_gﬁ g <a< §M
3 u Y
in(z) = 1 §§ <z <€
Mt &Ul—x M UL
@7—?" ;& <z <&,
pan(z) = 0 ;elsewhere
AR = e LU
Mﬁ 6" <2< §M
3 u Y
v () = . ;%4 sesg
UU _ iy
‘521/7,;‘4 6 <xz< frUU
0 s elsewhere

where AL = (flLL,gM,EM,frUL) and AV = (§ZLU,§M,EM,§,.UU) are lower and
upper TFNs respectively.

2.4. Arithmetic Operations of TFRNs

~ M M ~
Let A" = [(&"F, ", &7, 6,YF) - (6™, €M, €7, &7Y) and B" = (", n™ 7™

nUE) - (Y M mM 0, YY) be two TFRNs such that A%, B® > 0 then some

relevant arithmetic operations on TFRNs are defined as

(¢) Addition:

~ ~ 7M _

AR(+) R = [(5 LE +771LL7§M +ﬂMa£ +77M7£7‘UL + nTUL) : (&LU +77lLUa§M +
M _

MET M. &Y 4, UY))

(i) Symmetric Image:

_AR = [(_fruLa _EMv _éM, _EZLL) : (_grUUa _ng _§M7 _glLU)]

(#4 Subtractlon

A ( ) [(&LL UL’é- 71\/1 EM_ﬂMagrUL_nlLL) : (glLU_anUvéM_
,EIVI i ;grUU - lLU)]

(iv) Multiplication:

AR(x)BR = [(g"F Pt M M 8 g 6 VR ULy - (P PU €M M Y

ﬁMagrUU 'anU)] B - B -

(v) Division:

gtv &Y g g uu
& r
ﬁMa nM) ,,”LU )]

3. Fuzzy Rough Linear Programming Models for Matrix Games

Let a fuzzy rough payoff matrix be given as [ég]
gies n = (BF, BE, ... BE)T and v = (37,58, .. .7F)T respectively. Then according
to maximin and minimax principle player I choose such a strategy that maximizes

mxn having the mixed strate-
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his minimum expected gain i.e.

m m m
maxge |min{) afiff, Y a8l > al by
i=1 i=1 i=1 (1)
such that Bf—l—ﬁf—l—...—kﬁﬁziR
and BE>0, V i=1,2...m
Now if min{>>7" , aligR S™ alpE ... > alfl BRY} ~ aft is the expected mini-
mum gain for player I, then the problem (1) can be written as

BE 48R+ .. 4+ BB~ 1R
and BEaf>0; VvV i=1,2,...m

Similarly the player II chooses that strategy which minimizes his maximum ex-
pected loss i.e.

n n n
. “R R “R R “R R
min; r max{ g a7y, E Y- g Ami¥i }
=1 =1 :

such that 37 + 48 +... + 38 ~ 17
and >0, V j=12,...n



V. Jangid and G. Kumar / A Novel Technique for Solving Two-Person 257

Also if max{)"_, atiAf, Y0 agh A, Y ant Aty ~ % is the expected max-
imum loss for player II, then the problem (3) can be written as

min o
n
st D <ot
j=1
n
~R~R L ~R
Za% j 2
=1
! (4)
n
“R ~R _ ~R
Ui <0
i=1
~R | ~R ~R __3R
LR SRR e A
and 37,07 >0; V j=1,2...n

4. Proposed Procedure

To solve the FRLP models of matrix game as explained above by the problems
(2),(4) we apply the following algorithm as.

Step 1 Using the principle of indifference when both the players adopt their opti-
mal strategies of expected extreme payoffs as game value, irrespective of what the
other player chooses from any row or column. The fuzzy rough linear programming
problems (2) and (4) become

max @t

subject to the double fuzzy constraints

(BT ARG mpn @™ W 3R ey

el R ~ 17

and BR, af* >0

where e’ = (1,1,...1)m times.
And

min o

subject to the double fuzzy constraints
(BR)TARFR 2 07 ¥ BR e

AR o TR

and AT 0t >0

where e = (1,1,...1)n times.
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Here FR values @7, € N(R) (set of all fuzzy rough numbers) and p, G® are
FR adequacies corresponding to players.

Step 2 Consider the extreme row or column strategy from the fuzzy rough strat-
egy sets B and «y to extract the double fuzzy constraints of problems (5) and (6)
for the player I and II respectively.

max @

subject to the double fuzzy constraints
(BYTAR =sr @ V j=1,2,...n
eTBR ~ R

and BR, aft >0

where e’ = (1,1,...1)m times.

And
min %
subject to the double fuzzy constraints

Se..m

Where the symbols flﬁ and Af stands for the i*” row and 5" column of FR payoff

matrix [&Z—}mx” fori=1,2,...mand j=1,2,...n.

Step 3 Express the double fuzzy constraints as fuzzy inequalities of the prob-
lems (7) and (8) to the linear combination of expected gain or loss of the players I
and II respectively and the fuzzy rough adequacies by using the Yager’s resolution
method for the parameters A, € [0,1]. Then the improved fuzzy rough linear
programming problem takes the form as

max @

subject to the constraints

SalpFzat -1 - V j=12....n
1=1

> ar=in

=1

A< 1

and BE A% A>0V i=1,2,...m.
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And
min %

subject to the constraints

n
Yafsf<of 1 gf(1-p) Vi=12...m
j=1

27 =1

j=1

p<1

and 50", 0>0V j=1,2,...n

(10)

Step 4 Determine upper and lower problems (FLPP—1)V4! and (FLPP—1)t4!
from the problem (9) for the player I using upper approximation interval (U AI)
and lower approximation interval (LAI) of the TFRNs, which provides solutions
to (FLPP — VAT and (FLPP — I)*A7 as

(FLPP-1)74!

LU 'LLM EM

max (ul ,utt ,urUU)

subject to the constraints
m
_ —M
> ((aij)lLU7@M,aijM7 (aij)rUU) * ((51)1LU,@M,51 7(/Bi)rUU> >
i=1

(UZLUa@MaﬂMauTUU) - (plLUagMaﬁ]wapTUU) (1 - )‘) vj ]-7 27 s,
m 7M B
S (s B (8,7 ) =1
i=1
A<1
and (8,),°Y, 8 B (B VY A wPY uM a0 Vi=1,2,...,m

where 1V = (hLU,;M,TM,hUU)

(11)
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And (FLPP-I1)"*

(ulLL’yM’ﬁM UL)

max s Uy

subject to the constraints
m
—M
(@)™ ai™ @™, (@) )« (B R BB (87T =
> ai; Bi

=1

(ulLL7QM7ﬂM7uTUL) - (plLL7BM7ﬁ]wapTUL) (1 - >\) v] = 1727 R
m Y _
> (B M B (8 ) = 1F
i=1
A<1
and <5i)lLLa@M7EM7 (Bi)TUL7 AaulLL7@M7EM>uTUL Z 0 Vi= 17 2a s,

where 1% = (12,1, 7%, 1,%)
(12)

Step 5 Also determine upper and lower fuzzy linear programming problems (F'LPP—
INYAT and (FLPP — IT)YAT from the problem (10) for the player IT as explained
in step 4 to provide rather and complete satisfactory solutions respectively.

(FLPP-II)Y

min (’L}lLU, QIW, 61\/17 UTUU)

subject to the constraints

n

LU J— vu LU — U
Z ((az_])l ;%M7aijM7 (aij)T ) * ((’Y])l 7ﬁM7’ij’ (’YJ)T ) S

j=1
(vlLUayMaﬁMaerU) + (qlLUangqM7 quU) (1 - M) Vi= 1,2,...,m

n

LU — UuU 7

Z ((’YJ)l aﬁM77jM7 (7j)7' ) = lU

j=1
p<l
and (IYj)lLUa’YjM77jM7 (’YJ)TUUJJ'?UlLUvQMvﬂjwverU >0 V_] =12,...,n

where 1V = (11LU,;M,TM, 1TUU)
(13)
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And (FLPP-ITI)**

min (UZLL72M7@M7UTUL)

subject to the constraints

n

LL J— UL LL — UL
Z ((a/ij)l 7%M7aijMa (aij)r ) * ((%)l 7ﬁM7’ij’ (’YJ)T ) S

j=1
(0" o™ oM 0, ) + (0" ¢ g e ") - ) Vi=1,2,...,m
n
LL — UL Y
Z ((,Y])l aﬁj\/]a’}/jMv (’Yj)r ) = 1L
j=1
p<l
LL — UL _ .
and ('Vj)l ’ﬁM”ij7(’y‘i)T aﬂleLLvvavMaUrULZO V]:LQ,...,TL

where 1% = (11LL,;M,TM, 1TUL>

(14)

Step 6 Disunite the fuzzy linear programming problems (11) and (12) into six sub
CLPPs namely lower-upper (LU), lower-lower (LL), lower-medium (LM), upper-
medium (UM), upper-lower (UL) and upper-upper (UU) respectively as
(CLPP-1)*Y

subject to the constraints

S (@) B = wt - pt - N Y= 1,2, n

i

Il
-

(15)

(@)zLU =1,

NE

K3

>/H
AL

1
B A w0 Vi=1,2,....m

Q
=]
[N
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(CLPP-T)"*

LL

max U

subject to the constraints

>

%

(@i " B > wtt —p V(1A Y

I
-

(51')1LL =1,k

NE

i=1
<1
LL LL .

and(/@’i)l a>\;ul ZO VZ:l,Q,...,m
(cLpp-1)“"

max uM

subject to the constraints

Z%‘M&M >uM —pM1-NVji=12,...

i=1

> g =1

=1

A<1

and ;" A\ uM >0 Vi=1,2,...,m
(cLpp-1)"M

max aM

subject to the constraints

I TEn VA VR VO .

Zam Bz >u p (1 )\)VJ—LZ,

i=1

iEM _M
i=1

A<1

and B, AT >0 Vi=1,2,....m

V. Jangid and G. Kumar / A Novel Technique for Solving Two-Person

1,2,...
(16)

(18)
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(CLPP-1)V*

max u,F

subject to the constraints

m

> (@) "B 2w —p (- Vi =1,2,...n

%

I
-

(61')7’UL = lrUL

NE

=1
<1
and (8,),"" A u,UF >0 Vi=1,2,...,m
(cLpp-1)YY
max urUU

subject to the constraints

m

> (a7 B =Y = p =N Y =12,

%

3 0

(61’)7’UU = lrUU

AL

1
and (8,),"Y, AU >0 Vi=1,2,....m

263

(19)

Step 7 Also disunite the fuzzy linear programming problems (13) and (14) into

six sub CLPPs namely according as explained in step 6.

(CLPP-II)"Y

min vlLU

subject to the constraints

n

Z (aij)lLU('Yj)lLU <oV 41 —-p)vi=1,2,...,m

j=1
n
LU
Z('Yj)l Lt
j=1
p<i
and (1;)/"Y 0PV >0 Vi=1,2....n

(21)
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(CLPP-II)""
min vt

subject to the constraints

p<l
LL LL .
and(’Yj)l )y My UL >0 v]:1,2,...,n

(CLPP-II)*"

min QM

subject to the constraints

n
Y aMyM <M M- Vi=1,2,...,m
j=1

iﬁM — M
j=1

p<l
and 7™M, oM >0 Vji=1,2,...,n

(23)

(CLPP-II)"M
min ¥
subject to the constraints

S agMyM <M 4 M (1) Vi=1,2,...,m
j=1

n
ZTJM _ TM

j=1

p<1

and M, p, 7™M >0 Vji=1,2,...,n
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(cLpp-m)v*

min UTUL

subject to the constraints

Z (aij)rUL(%')rUL <ol 4¢Y 1 -pVvi=1,2,....m
j=1

n (25)
Z (Wj)rUL = 1rUL
j=1
p<1
a‘nd (’Yj)T'ULa,u)rUTUL Z 0 v j - 1, 2, ceey n

(cLpp-1)7Y

min  v,YY
subject to the constraints

n

Y (@) )" <0 g - Vi=1,2,m

j=1

n (26)
> ()" =10

jlr = Lr

j=1
<1
and ()", p0, "V >0 Vji=1,2,....n

Step 8 Solve the obtained CLPPs as explained in steps 6 and 7 by the standard
simplex method for the players.

Step 9 The obtained optimal solution of CLPPs in step 8 provides the complete
and satisfactory solutions for players. We also get the best strategies and game
value for both players.

5. Numerical Examples

5.1. Example
Taking a zero sum FMG AR = [dg]mxn with two players whose payoffs are
TFRNSs is given as follows

~R ~R

AR— aiyp Qo
= |~R =R
as1 Qa2

Where af = [(175, 180, 185,190) : (170, 180, 185, 195)];
ak = [(150, 155, 157, 158) : (145, 155, 157, 160)];
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all = [(80,87,92,100) : (75,87,92,105)];

all, = [(175,180,185,190) : (170,180, 185,195)]; Assuming that the margins for
both the players are p’* and G, which are given as

57 = [(0.06,0.08,0.10,0.12) : (0.04,0.08,0.10, 0.14)];

™ = [(0.10,0.12,0.16,0.18) : (0.07,0.12,0.16,0.19)];

Having 17 = [(0.5,0.8,1.0,1.2) : (0.3,0.8, 1.0, 1.5)], then using equations (11)-(14)
as explained in steps 4 and 5 and equations (15)-(26) as explained in steps 6 and
7, the given TPZSMG with TFRNs as payoffs can be split into CLPPs for both
the players as follows

(CLPP-1)*Y

max u Y

subject to the constraints

170(81):"Y + 75(82),"Y > w™V — 0.14(1 — \)

145(81) Y + 170(B82), MY > w,MU — 0.14(1 — A) (27)
B+ (B2),"Y =03
A<1

and (/Bl)lLUv (/BQ)ZLU7>\7U/ZLU Z 0

(CLPP-1)"*

max ¥

subject to the constraints

175(81) %" +80(B2) " = wt — 0.12(1 — A)

150(B1) ™" + 175(82), ™" = w™" — 0.12(1 = ) (28)
B+ (B2n" =05
A<l

and (B1)"", (B2) ™" N wF >0

(cLpp-1)*"

max ’LLM

subject to the constraints

1808, + 878, > uM — 0.10(1 — A)

15568, ™ + 1804, > uM — 0.10(1 — \) (29)
BiM + M =0.8
A<1

and éM7@M)\,yM >0
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(cLpp-1)"

max ﬂM

subject to the constraints

1858, + 927, > @M — 0.08(1— )
1575 +185F; > @™ — 0.08(1 — \)
BB =1

A<l

and By By A @M > 0

(cLpp-n)Y*

max u,U%

subject to the constraints
190(81), " +100(B2), 7" > u,UE — 0.06(1 — A)
158(61), 7" +190(82),"" > u,VE — 0.06(1 — A)

(B + (B),VE =12
A<1

and (ﬂl)TUL’ (52)TUL7 >‘7UTUL >0

(cLpp-n)?Y

max u,"Y

subject to the constraints
195(81),7Y +105(82), """ > u, YV — 0.04(1 - \)
160(51),"Y +195(82), 7Y > 1, YU — 0.04(1 - \)

(8" + (82)."Y =15
A<1

and (81),7Y, (82)-"Y, A, u, PV > 0

267

(31)

(32)
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And (CLPP-II)"Y

min v,V

subject to the constraints

170(y1), "7 + 145(72), " < 0V +0.07(1 - p)

75(71) %Y 4 170(72), "V < 0PV +0.07(1 — p) (33)
()™ + (2" = 0.3
p<1

and ()", ()" 0PV >0

(CLPP-11)"*

min vlLL
subject to the constraints

175(7 )" 4+ 150(72) " < oPF +0.10(1 — p)

80(y1) ™" +175(70), " < v +0.10(1 — p) (34)

(71)1LL + (Wz)lLL =0.5
p<l

LL LL
and (7)), ()i vt > 0

(CLPP-)*"
min QM
subject to the constraints

18071 M + 155%™ < oM 4+ 0.12(1 — p)

8711 M + 18072 < v™M +0.12(1 — p) (35)
ﬂM + EM =038
p<l

and 1™, 3™ p, 0™ >0
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(cLpp-1)"

min oM

subject to the constraints

1857 + 157%™ < oM 4 0.16(1 — p)

9297 + 185%™ < oM +0.16(1 — p) (36)
WJVI +%Iw =1
p<1

and 37, M p, oM >0

(CLPP-ID)Y"
min UTUL
subject to the constraints

190(m1), 7" +158(72), 7" < 0,YF +0.18(1 — p)

100(71), 7" +190(72), " < 0,”F + 0.18(1 — pr) (37)
()7 A+ () =12
p<1

and (71)7"UL’ (VZ)TULNM; erL >0

(CLPP-11)YY

min UTUU

subject to the constraints

195(11),"Y +160(72), " < 0,9V +0.19(1 — p)

105(71),"7 +195(72), " < 0,7 +0.19(1 — p) (38)
(1) + (2). 7Y =15
p<l

(0404 UU
and (71)7' ) (72)7' y s UTUU >0
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Table 1: Value of game (ﬁR) for player I
Problem A=0 A=025] A=05 | A=0.75 A=1
(CLPP-I)"Y | 45.2025 | 45.1675 | 45.1325 | 45.0975 | 45.0625
(CLPP-I)"" | 77.7242 | 77.6942 | 77.6642 | 77.6342 | 77.6042
(CLPP-I)™™ | 128.3373 | 128.3123 | 128.2873 | 128.2623 | 128.2373
(CLPP-I)"™ | 163.5593 | 163.5393 | 163.5193 | 163.4993 | 163.4793
(CLPP-)V" | 199.7321 | 199.7171 | 199.7021 | 199.6871 | 199.6721
(CLPP-I)"Y | 254.7400 | 254.7300 | 254.7200 | 254.7100 | 254.7000
Table 2: Value of game (f)R) for player I1
Problem uw=0 w=10.25 uw=05 | u=0.75 w=1
(CLPP-I)™Y | 44.9925 | 45.0100 | 45.0275 | 45.0450 | 45.0625
(CLPP-IN™" | 77.5042 | 77.5292 | 77.5542 | 77.5792 | 77.6042
(CLPP-ID™™ | 128.1173 | 128.1473 | 128.1773 | 128.2073 | 128.2373
(CLPP-IDY™ | 163.3193 | 163.3593 | 163.3993 | 163.4393 | 163.4793
(CLPP-IDY" | 199.4921 | 199.5371 | 199.5821 | 199.6271 | 199.6721
(CLPP-INYY | 254.5100 | 254. 5575 | 254. 6050 | 254.6525 | 254.7000

Tables 1 and 2 illustrate the sensitivity analysis of game value for players I and
IT with different values of parameter \. We have used Wolfram Cloud to solve the

problem.

5.2. Example

Taking payoff in FMG with TFRNs as follows

~R =R
AR— {6}11 au]

agy  agh
Wher R =1(1,2,3,4): (0.5,2,3,4.5)];
am = [( .5,5,7.5,10) : (1,5,7.5,11.5)];
al =1[(3.5,7,10.5,14) : (2,7,10.5,15)];

QQQ:[(15345 6) :

are pf* and G®

(1,3,4.5,8)]; Assuming that the margins for both the players
, which are given by

= [(0.06,0.08,0.10,0.12) : (0.04,0.08,0.10, 0.14)];

7% = [(0.10,0.12,0.16,0.18) :
[(0.5,0.8,1.0,1.2) :

Having 1% =

(0.07,0.12,0.16,0.19)];
(0.3,0.8,1.0,1.5)], then using equations (11)-(14)

as explained in steps 4 and 5 and equations (15)-(26) as explained in steps 6 and
7, the given TPZSMG with TFRNs as payoffs can be split into CLPPs for both

the players as follows
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(CLPP-1)"Y

max ulLU

subject to the constraints

0.5(81)" +2(82),"Y > w, PV — 0.14(1 — )

1080)"Y +1(82),"Y > w"V — 0.14(1 = \) (39)
(51)1LU + (/32)1LU =0.3
A< 1

and (B1)."Y, (B2)"Y A wtY >0

(CLPP-1)**

max "

subject to the constraints

1B +3.5(82)"" = w™F — 0.12(1 - \)

2581 )" + 1.5(82) " > w —0.12(1 — ) (40)
B+ (B2 =05
A<1

and (B1)."", (B2)"" A wtt >0

(CLPP-)"M

max ’LLM

subject to the constraints

26:M + 7™ > uM —0.10(1 — \)

567 +38M > M —0.10(1 — A) (41)
B+ B =08
A<l

and ﬁM7@M)\,gM >0
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(cLpp-1)"

max HM

subject to the constraints

3B, +1058, > —0.08(1— )
758 + 458 > @M — 0.08(1 - \)
B+ =1

A<1

and B By A @M >0

(cLpp-n)Y*

max u,U%

subject to the constraints
4(B1), 7 +14(82), " = u,YE — 0.06(1 — A)
10(81), 7" +6(82),"" > u,UF — 0.06(1 — A)

(ﬁl)rUL + (52)TUL =12
A<1

and (ﬂl)TUL’ (52)TUL7 >‘7UTUL >0

(cLpp-n)?Y

max u,"Y

subject to the constraints
4.5(81),"Y +15(82),"Y >, VY — 0.04(1 - \)
11.5(81), 7Y +8(82),"Y > u,UV —0.04(1 — \)

(8" + (82)."Y =15
A<1

and (81),7Y, (82)-"Y, A, u, PV > 0

(43)

(44)
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And (CLPP-II)"Y

min v,V

subject to the constraints

0~5(’Yl)zLU + 1(’)’2)1LU <o +0.07(1 - p)

207) %Y +1(72)"Y < vV +0.07(1 - p) (45)

(71)1LU + (Wz)lLU =0.3
pn<l

and ()", ()" 0PV >0

(CLPP-11)"*

min vlLL

subject to the constraints

1) + 25() " < v +0.10(1 - p)

3507 )" + 1.5(72) " < uPE +0.10(1 - p) (46)
(71)1LL + (Wz)lLL =0.5
p<1

LL LL
and (7)), ()i vt > 0

(CLPP-)*"
min QM
subject to the constraints

2™ + 59,M < oM +0.12(1 - p)

1™ + 3™ < oM +0.12(1 — p) (47)
1M+ M =08
p<l1

and ﬂMyﬁM/i,QM >0
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(cLpp-1)v
min ¥
subject to the constraints

M+ 75w < oM +0.16(1 — p)

10.57M + 4.5%M <M +0.16(1 — p) (48)
WJVI _|_%M =1
p<1

and 71V, 2™ p, oM > 0

(CLPP-ID)Y"
min UTUL
subject to the constraints

4(71),: 7" +10(72), 7 < 0, VE 4+ 0.18(1 — p)

14(71), "5 4 6(y2)r 7 < 0,V 4 0.18(1 — p) (49)
(VI)TUL + (WQ)TUL =1.2
p<t

and (71)7"UL’ (VZ)TULNM; erL >0

(cLpp-11)"Y
min UTUU
subject to the constraints

4.5071),"Y +11.5(72), "7 < 0,.UY +0.19(1 — p)

15(72), 7 4 8(72)r 7Y < 0,YY +0.19(1 — p) (50)
(VI)TUU + (VZ)TUU =1.5
p<1

(0404 UU
and (71)7' ) (72)7' y s UTUU >0
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Table 3: Value of game (ﬁR) for player I
Problem A=0 | A=025| A=05 | A=075| A=1

(CLPP-)"” | 0.4400 | 0.4050 | 0.3700 | 0.3350 | 0.3000
(CLPP-I)"" | 1.1557 | 1.1257 | 1.0957 | 1.0657 | 1.0357
(

VEM] 34143 | 3.3893 | 3.3643 | 3.3393 | 3.3143
(CLPP-I)"™ | 6.2943 | 6.2743 | 6.2543 | 6.2343 | 6.2143
(CLPP-)Y" | 10.0029 | 9.9879 | 9.9729 | 9.9579 | 9.9429
( )

CLPP-)YY | 14.6650 | 14.6550 | 14.6450 | 14.6350 | 14.6250

Table 4: Value of game (f)R) for player I1
Problem p=0 | p=025| u=05|p=07| pu=1

(CLPP-I)™Y | 0.2300 | 0.2475 | 0.2650 | 0.2825 | 0.3000
(CLPP-I)"* | 09357 | 0.9607 | 0.9857 | 1.0107 | 1.0357
(CLPP-I)"™ | 3.1943 | 3.2243 | 3.2543 | 3.2843 | 3.3143
(CLPP-ID"™ | 6.0543 | 6.0943 | 6.1343 | 6.1743 | 6.2143
(CLPP-I)"" | 9.7629 | 9.8079 | 9.8529 | 9.8979 | 9.9429
(CLPP-INYY | 14.4350 | 14.4825 | 14.5300 | 14.5775 | 14.6250

S

g

Tables 3 and 4 illustrate the sensitivity analysis of game value for players I and
IT with different values of parameter \. We have used Wolfram Cloud to solve the
problem.

6. Conclusion

This study is about framing models to solve TPZSFMG with TFRNs as payoffs.
To discover an optimal solution, a pair of FRLPPs is explored. The TPZSMG’s
max-min optimality criteria are transformed into upper and lower approximation
intervals FLPPs and CLPPs for each player in the game. Using the proposed
methodology, it is solved for various values of the parameters A and p in [0,1].
The proposed model is found to be suitable for solving TPZSFMG. Finally, the
model is established using numerical examples. These numerical examples show
that increasing the parameters A and p diminishes the value of the game for player
I and increases it for player II. Future research can be expanded to neutrosophic
and picture fuzzy sets.

Acknowledgements: We acknowledge the suggestions made by the journal’s
editor and anonymous reviewers, which helped us to improve the overall quality
of the work.
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