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1. INTRODUCTION

Zadeh [14] introduced the concept of fuzzy sets by assigning membership grades
to each element in the universe of discourse in order to handle noncategorical and
unclassifiable data. Fuzzy sets were studied by many mathematicians and applied
to many fields of science. Besides, Atanassov [1] introduced intuitionistic fuzzy
sets(IFS) also assigning nonmembership grades to the elements. IFS were also
studied by many mathematicians, i.e, ([4], [9], [5]). The concept of intuitionistic
fuzzy norm was studied by Saadati and Park [11], and by Lael [7]. convergence
of sequences in TFNS was studied and some convergence and summation meth-
ods were introduced to recover the convergence where ordinary convergence of
sequences in TFN S fails [6, 8, 12, 13]. In this study, we extend the results of [2] to
intuitionistic fuzzy normed spaces. That is, we define weighted mean summability
methods for double sequences in IF'N.S and give some Tauberian conditions un-
der which convergence of double sequences in IFN.S follows from weighted mean
summability. This study also reveals Tauberian results for some known summation
methods such as Cesaro summability method (C,1,1) and Nérlund summability
method (N, p) in the special cases. We now give some preliminaries for IF N S.

Definition 1. [7] The triplicate (V,p,v) is said to be an IF—normed space if
V is a real vector space, and p,v are F—sets on V x R satisfying the following
conditions for every x,y € V and t,s € R:

1. p(z,t) =0 for all non-positive real number t,
2. u(z,t) =1 for allt € R" if and only if x = 0
3. plex,t)=p (:v, ﬁ) for allt € RT and ¢ # 0,
4 p(x 4y, t+s) = min{p(z,t), u(y, s)},
5. limy oo pi(z,t) = 1 and limy—o p(z,t) =0,
6. v(z,t) =1 for all non-positive real number t,
7. v(xz,t) =0 for all t € RT if and only if x = 0
8. vicx,t)=v (x, ‘%‘) for allt € RT and ¢ # 0,
9. max{v(z,t),v(y,s)} 2 v(z +y,t + ),

10. limy—y oo (2, t) = 0 and limy_q v(z,t) = 1.

In this case, we will call (1, v) an IF—norm on V.
Throughout the paper (V, u, ) will denote an I F—normed space.

Example 2. Let (V,| - ||) be a normed space and pg, vy be F—sets on V x R
defined by

.4) {0, t<0, o.4) {1, t<o0,
po(z,t) =9 w(z,t) =14
e >0 e v 0

Then (po,vo) is IF—norm on V.
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Definition 3. [11] A double sequence (Tmn) in (V,p,v) is said to be convergent
to x € V and denoted by xpmn — x, if for each t > 0 and each € € (0,1) there
exists ng € N such that

w(@mn —2,t) >1—¢ and v(zpy, —x,t) <e
for allm,n > ng.

Here we note that convergence of double sequences in IF'N S is meant in the sense
of Definition 3 throughout the paper. Similarly, limit and convergence of double
sequences of real numbers are taken in the Pringsheim’s sense [10].

Definition 4. [11] A double sequence (Tpy) in (V,u,v) is said to be Cauchy if
for each t > 0 and each ¢ € (0,1) there exists ng € N such that

pwsh = T t) > 1= and v(@j5 = Dmn,t) <
for all i,j,m,n > nyg.

We note that if sequence (z,y,) converges to x € V, then (z,,,) is Cauchy in view
of the facts that

,U(xjk — Tmn, t) > min{.UJ(xjk - X, t/2)7 ,u(xmn -, t/2)}
V(Tjk — Timn, t) < max{v(zr — z,t/2), V(Tmn — x,1/2)}.

Definition 5. [3] A double sequence () in (V, p,v) is called g-bounded zf lim inf p(@mn,t) =

—>00m n
1 and hm sup v(Tmn,t) = 0.

t—o0 m,n
Theorem 6. [12] Let (z,,) be a sequence in (V,p,v). If {n(xn, — xn-1)} s ¢-
bounded, then (x,) is slowly oscillating.

Let p = (p;) and ¢ = (gx) be two sequences of nonnegative numbers(pg, go > 0)
with
m

Pm:ij%oo(m%oo), Qn:qu%oo(n%oo).
§=0 k=0

Let (o, 8) € {(1,1),(1,0),(0,1)}. The weighted means (t&) of a double sequence
(mn) in TF—normed space (V, u,v) are defined by

1 n
ZZPJkajka twlrm = P Zp]fz]m ti)nn = Qf ZQkxmk~
n

=0 k=0 k=0

tll

mn mQ’I’L

The double sequence (Z,,,,) in (V,p,v) is said to be (N,p,q; a, 3) summable to
x eV iflimy, pooo tf‘n/il =z, and denoted by x,,, = © (1\7 D, q;, B).

Since 10 is independent of ¢, we write (N p, *; 1,0) in place of (]V q;1,0) (see
[2]). We note that if we take p; = 1,qx = 1 for all j,k € N in (N p,q;1,1)
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summability, then we obtain (C, 1,1) summability. Also if we take (z;;) = (z;) in
(N, p,*;1,0) summability, then we obtain (N, p) summability of single sequences.
Hence, this paper reveals also Tauberian results for (C,1,1) and (N, p) summa-
bility methods in special cases. Here we note that when the case is (z;1) = ()
in (N,p,*;1,0) summability, the condition of g-boundedness in Theorem 21 are
redundant.

2. RESULTS FOR (N, p,q;1,1) SUMMABILITY IN IFNS

In this section we give some Tauberian conditions under which (N, p,q;1,1)
summability implies convergence in IF'NS. Before giving our Tauberian results,

we first show that convergence and g-boundedness imply (N, p, ¢; 1, 1) summability
for double sequences in ITFNS.

Theorem 7. If double sequence (Zmn) in (V, p,v) is g-bounded and convergent to
x €V, then (Tmn) is (N,p,q;1,1) summable to x.

Proof. Let double sequence (z,,) in (V,u,v) be g-bounded and convergent to
x € V. Fixt > 0. Let ng be from Definition 3 of convergence with t <> % Then,
we have

n

,u(tn fxt) = u ! iiqum-kf:rt =un i
mn I Pan J J ’

=0 k=0 =0 k=0

Pk (T — ), Pant)
>

min { i (S0 Spo pjan (e = 20 Pm@nt/3) i (S50 SF_pg 41 Pk 2k = ) Pm@nt/3)

1 (g1 SR ongt1 P39k — ) PmQnt/3 ) }

. . t . . P, t . t
> min { min jEN /‘(Ijk 71,%§>,mm keN u(zjkfm, n(;”é §)'mmn0<k,j“(1jk 71,3)}
0<k<ng 0<j<ng
f . Qn_t . P, t . t
> min {mfjwkeN;L (T]k -, To%§) Jinfj pen p (T]k — =, %r%§> cming o o w (24 — 5)}

and

V(t}infm,q = l/(i
Ji=0
J

max {

where A = maxo<g<n, gk, B = Maxo<j<n, p;. Also, by q-boundedness of (2,1,)
there exists n; € N such that

n
> Pjak (T — @), Pant>
k=0

IN

Qn t Pyt t
sup v (@ — = B S £ T . max,u(m,k_m,f) .
kEN J noA 3)  jkEN J noB 3/) no<k.j J 3

inf Qn t - Qn t <

cinf p(xi — =, — — &, sup v |z — x, — e

joeen™ \"ik noA 3 giken \9k noA 3
Pt

Pyt
inf p e —x, ——— ) > 1—¢, sup v |z — T, -] <e
j.kEN J ngB 3 j,kEN 7 noB 3

for n,m > n;. Hence, combining all above we get

u(tinln—z,t)>1—a, Z/(t},}n—x,t)<€
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for m,n > max{ng, n;}, which implies .l — x by Definition 3. [J

The converse statement of Theorem 7 is not valid which can be seen by the next
example. That is, (IV, p, ¢; 1, 1) summability does not imply convergence in IF N S.

Example 8. Let us consider IFNS (R, uo,vo) where po, vy are from Ezample 2.
Sequence () defined by Tpmp = (—1)™T™ is in (R, o, v0). (Tymn) is (N,p,q;1,1)
summable to 0 with p; = 1, g, = 1(j, k € N), but it is not convergent in (R, po, vo).
See also [12, Example 3.3].

Our aim is to give the conditions under which (N, p,¢;1,1) summability implies
convergence in ITFNS. Let SVA, be the set of all nonnegative sequences p = (p;)
with po > 0 satisfying

lim inf
m—00

]jﬁml‘>o for all A >0 with A # 1

m

where \,;, = [Am] and [-] denote integral part [2]. In [2, Lemma 2.2], equivalent
assertions for the set SVA, are obtained.

Theorem 9. Let p,q € SVA, and double sequence (Tmyn) be in (V,pu,v). Assume
that mn — © (N,p,q;1,1). Then, Ty, — x if and only if for allt >0

A A
1 m n
sup liminf Z Z Pik(Tjk — Tmn),t | =1 (1)
as1mon=ee’ \ (Py, = Pu)(Qx, = Qn) 2= £
and
1 Am An
inf lim sup v Z Z Piqk(Zjk — Tmn),t | =0. (2)

A>1m,n—o0 (PAm - Pm)(QAn - Qn) [ S—

Proof. Necessity. Let xp,, — x. Fix t > 0. For any A > 1, and for sufficiently
large m,n such that A, > m, A, > n we have(see [2, Eqation (3.3)])
A'rn A’IL

1
(Pr,, = Pm)(@Qx,, — @n) Yo D vk — @) = 3)

j=m+1k=n+1

1
N e (5 WIS WIS o W I e el (5 WIS WSS W)
-1 o0~ 1
1 1 g1 g 1
+ P Q ( AmsAn m,An AT + mn)
) (% )
P, Qn

Since p,q € SVA, and tLl, — x we have

M (t%\}m% — T, t) = 1, v (t}\}m/\n — Ty, t) = 0 as min{m,n} — oo,
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Am 1
Pm

1 11 11 11 11 .
W P/\iukmykn —tmoan )t = 0 (X a0 — tr,ap e | liming t] > 1 as min{m,n} — oo
m g

Pm

1 P
11 11 11 11 Pxm o
V(P)\m(t)\ An tm’/\n),t) < u(t)\ An 7tm’)\n,{%ﬂllﬂf -1 }t) — 0 as min{m,n} — oo
-1

Pm,

and

( 1! )t | > 3L 1 lim inf Qxm 1pt|] — 1 as min{m,n} — oo
K U AmsAn Am,n/? B Am A Am,m’ | m=oo QOm ’
% _
" (5)

( ¢ Nl <v ¢ e ine | 22m 1Ly} o0 s mingem, ) o e

Q)\m Am,An Am,n’? AmAn Am,n M=o | Q.. ’

Qm

we obtain

1
lim Piqr(Tik — Tmn),t | =1
mnsoo !\ Py = P)(Qn, — Qn) Z Z adks )

j=m+1 k=n+1

1 Am An

lim v p'Qk(x'k _xmn)at = 0.
m,n— oo (P,\m - Pm)(Q)xn - Qn) j:zm:Jrl k:Zn;rl ’ /

which implies (1) and (2). Sufficiency. Let (1) and (2) be satisfied. Fix ¢ > 0.
Then for given € > 0 we have:

e There exist A > 1 and ng € N such that

1
(Pr, — Pn)(Qx Z Z Piak(Tjk — Tmn ) t/5 | > 1—€

] m~+1 k=n+1

I

1
Y (P)\ - PTYL)(Q)\ Z Z Pk xjk mmn) t/5 =€

j m+1 k=n+1

for all m,n > ng.

o There exists n; € Nsuch that p (t%\l A, — x,t/5) >l—candv (t%\l A, :c,t/5) <
e for m,n > ny.

e There exists ny € N such that

1 1
I <P>\m—1(t%\1n,>\" —tﬂ,,\n),t/i’)) > 1l—ecandv (PAm_(ti}W\n — t}?%’An),t/5> <e

Pr, Pr,

for m,n > ng by (4).
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e There exists n3 € N such that

1 1
I <me - 1(tAmv>\n }\1” n)s t/5> >1l—candv (Qm - 1(&}”7)\” £l L, t/5>
Qm Qm

for m,n > ngz by (5).

e There exists ny € N such that

1 1
o o (B~ trery = Ernon T tmn) /5 | > 1—¢
(% 1) (% -1)
1 1 A1 4 ALY 475
v P Q ( AmsAn m,An Am T + mn)7 / <e¢
) (&)
P, Qn

for m,n > ny.
Then, by equation (3) we get

}L(men - l’,t)

. 1
> mm{,u (75}\,1"M"x,t/5),,u((PA — o) — Z Z Diqk(Tjk — Tmn),t/5

j m4+1k=n+1

1 1
1% <1:Am_1(ti1n,>\n - t:i,xn)at/5) ) [ (QAm_l(t)"” A = Bann ) t/5> )

P Qm

1 1
H ( P Q (tiin,kn - t:ri An tz\m,n + tmn) t/5
(e ) (%)
Pm Qn

and, similarly,

> 1—¢

V(@mn — x,t) < €
for m,n > max{ng, n1, ne,ns,n4}, and this implies x,,, — =. The proof is com-

pleted.

We can give following theorem similar to Theorem 9. The proof is given in a
similar way by making the changes \,, <> m and A\, < n.

Theorem 10. Let p,q € SVA, and double sequence (Tmn) be in (V,u,v). As-
sume that T, — x (N,p,q;1,1). Then, Ty, — x if and only if for all t > 0

1

m n
sup liminf p Piqk(Tmn — k), t | =1
0<A<] M09 (P — P, )(@Qn — ]:Z_H k=§:+1 ! mn k)

)
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and

inf i ! i n ( yt] =0
inf limsupv Qe (Tmn — ik ), =0.
02< mnre . \ (P — Px, ) (Qn — Q) bide a

J=Am+1 k=X, +1
Now we define slow oscillation for double sequences in IF'NS.

Definition 11. A double sequence (Tmy) in (V, p,v) is said to be slowly oscillating
in the sense (1,1) if

sup liminf min  p(xjr — Tpn, t) =1
A>1Mn—00 m<j< A,

n<k<An,
and
inf imsup max v(xj —x t)=20
>1 m,n—>£m<j§>\m ( J mn ) ’
n<k<Ap
for allt > 0.

A double sequence (%) is slowly oscillating in the sense (1,1) if and only if for
all ¢ > 0 and for all € € (0,1) there exist A > 1 and ng € N, depending on ¢ and ¢,
such that

w(zjg — Tmn,t) >1—¢ and v(xjr — Tmn,t) <€
whenever ng < m < j < A, and ng <n <k < \,.

Theorem 12. Let p,q € SVA; and x € V. If double sequence (zymn) in (V,p,v)
is slowly oscillating in the sense (1,1) and Tpy — © (N,p,q;1,1), then Ty, — .

Proof. Let Ty, — = (N,p,q;1,1) and (2,,,) be slowly oscillating in the sense
(1,1). Fix t > 0. Then for given ¢ € (0,1) there exist A > 1 and ng € N such that

w(je — Tmn,t) >1—¢ and v(zp —x,,t) <e¢

whenever ng < m < j < A\, and ng < n < k < A\, by slow oscillation. Hence, we
have

A A
L m A .
jz < — — S0 > (e - xmn),t> > min @ik — Tmn,t) > 1—€
(Prm = Pm) (@, = @n) 4=, 5 m<ISAm

and

A A
1 m An
. - < - .
Y ((PM —P)(Qr, — Qn) > D piak(ws wmn),t> < Lmax V(Tjk — Tmn,t) <€

j=m+1k=n+1 n<k<Ap

So conditions (1) and (2) are satisfied. Then, by Theorem 9 we get Ty, = . O
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Definition 13. A double sequence (Tpmy) in (V, p,v) is said to be slowly oscillating
in the sense (1,0) if

sup liminf min p(zj, — Ty, t) =1
A>1 M=o m<G< Ay,

and
inf limsup max v(z;, — Tmn,t) =0,
>1 m,n—>oIo)m<j§>\m ( m e )

for allt > 0.

Definition 14. A double sequence (T in (V, u,v) is said to be slowly oscillating
in the sense (0,1) if

sup liminf min  p(Tme — Tmn,t) =1
A>1 MN—>00 n<k<Ap

and
inf limsup max v(Tmrp — Timn,t) =0,
A>T m.n—oo n<k<An

for allt > 0.

Theorem 15. If a double sequence (x.,y,) in (V,u,v) is slowly oscillating in the
sense (1,0) and (0,1), then it is slowly oscillating in the sense (1,1).

Proof. By the facts that

(T ik — Tomn, t) > min{p(@p — Tk, t/2), 1(Tmk — Tmn, t/2)}
V(Zjk — Tomn, t) < max{v(zjr — Tmk, t/2), V(Tmk — Tmn, t/2)}

and by slow oscillation of (2,,,) in the sense (1,0) and (0,1), we conclude that
(Zmn) is slowly oscillating in the sense (1,1). O

By Theorem 9, Theorem 12 and Theorem 15, we get following theorem.
Theorem 16. Let p,q € SVA, and x € V. If double sequence () in (V,pu,v)

is slowly oscillating in the senses (1,0)6(0,1) and xp,, — x (N,p,q;1,1), then
Tmn — T

In view of the theorem above and Theorem 6, we give the next theorem.

Theorem 17. Let p,q € SVA, and z € V. If Zppn — = (N,p,q;1,1) and se-
quences {m(Tmn — Tm-1,n)}, {N(Tmn — Tmn—1)} are g-bounded, then T, — .

We note that (P,,) is regularly varying of index p > 0 if[2]

P
lim =™ =M\, (A>0).
m—0o0 m
It is noted in [2], SVA, contains all nonnegative sequences p = (p;) such that
(P) is regularly varying of positive index and
P, — P,
limsup —2m ™ — NP — 1, (6)

m—r oo Pm
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Theorem 18. Let p = (p;) be nonnegative sequence with pg > 0 and (Pp,) is
regularly varying of positive indices. If {%(wmn — xm_l,n)} 1 q-bounded, then

(Tmn) 1s slowly oscillating in the sense (1,0).

Proof. Let {%(zmn — xm_lvn)} be gq-bounded.Then, for given € > 0 there exists
M. > 0 so that

t>M.= inf p (Pm (Tmn — wmflyn),t) >1—e and sup v (j—m(zmn — xmfl,n),t) <e.

m,neN Pm m,neEN

1/p
For every ¢t > 0 choose A < (1 + JVLIE) . Then for ng < m < j < Ay, we have

J
:u/(wj’ﬂ - 'T’met) = M < Z (xT‘n - Irlyn)7t>

r=m-+1
. Dr
> min Typm, — Tp— —_—t
= m+l§7‘§j’u < rn r—1,n, P] — Pm >
= min &(Jc -z ) it
T it pr T pr g
. P, P,
> @ — Tro1m), st
S it <pT (@rn = @r—1,n), Py, — Pn )
= min —(x x ) t
o m+1<r<j o ™ r=bnl Prxp,—Pm
P’nL
> min " (x x ) t
T m1<r<j o A VI
t
2 ml,ggN (Pl(xmn Tm—1n), AP 1)
> 1—¢

and

P, t
V(Tjn — Tmn,t) < sup v (— Tmn — Tm—1,n), 7) < Ee.
( J ) m,neN pm( ) A —1

in view of (6). Hence, (mn) is slowly oscillating in the sense (1,0). O

Similarly we can give next theorem for slow oscillation in the sense (0,1).
Theorem 19. Let ¢ = (qr) be nonnegative sequence with qo > 0 and (Qr) is regularly
varying of positive indices. If %(xm,n - xm,n,1)} is g-bounded, then (Tmn) is slowly

oscillating in the sense (0,1).
In view of Theorem 16, Theorem 18 and Theorem 19 we get following theorem.

Theorem 20. Let p = (p;) and ¢ = (qx) be nonnegative sequences with po > 0,90 > 0,
and (Pr) and (Qn) be regularly varying of positive indices. If tmn — x (N,p,¢;1,1) and
sequences

{%(xmn _ xm—l,n)}y{%(l‘m,n — xm,n,l)} are g-bounded, then Tmn — .
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3. RESULTS FOR (N, p, *;1,0) SUMMABILITY IN IFNS

Similar to the results of the previous section we can give results for (NV,p, *;1,0)
summability of double sequences in IF'NS. The proofs are also similar, hence they are
omitted. Similar to Theorem 7, we give the next theorem.

Theorem 21. If double sequence (Tmn) in (V,u,v) is g-bounded and convergent to x €

V, then (Tmn) is (N, p,*;1,0) summable to x.
Similar to Theorem 9, we give the next theorem.

Theorem 22. Let p € SVA; and double sequence (Tmn) be in (V,u,v). Assume that
Tmn — x (N, p,*%;1,0). Then, Tmn — = if and only if for allt > 0

Am
1
sup liminf p (M Z D (Tjn — Imn)7t> =1

m,n—r o0
AZLT j=mt1

and

Am,
inf lim sup v <P>\1—P Z D (Tjn — xmn),t> =0.

>1
m,n— oo m m j=mt1

Proof. The proof is done in a similar way as in the proof of Theorem 9 by using the
equation(see [2, Equation (3.13)])

Am
ﬁ j:;rlpj(xjn — Tmn) = ti(fn,n — Tmn + m(t}\in - trlr?,n)
A>1; A0 >m)
instead of the equation (3). O
In view of the equation(see [2, Equation (3.14)])
S — i Pi(Tjn = Tmn) =t n — Tmn + ;(tir?,n — txnn)
P — Py, F= A1 (PM/PXm)_l

(0< A< A <m)
we can give the next theorem as analogue of Theorem 10.

Theorem 23. Let p € SVA; and double sequence (xmn) be in (V,u,v). Assume that
Zmn = & (N,p,%;1,0). Then, Tmn — x if and only if for allt >0

1 m
sup liminf - (o — i)t =1
0<Ag1m,n%oou P, — P, _72 P (Tmn in)
J=Am+1
and
inf limsupv 1 Zm D3 (T — )t | = 0.
0<A<] m n—o00 Pm — PAm Pcuni

Similar to Theorem 12, we give the next theorem.
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Theorem 24. Let p € SVAL and x € V. If double sequence (zmn) in (V, u,v) is slowly
oscillating in the sense (1,0) and Tmn — x (N, p,*;1,0), then Tmn — .

In view of the above theorem and Theorem 6, Theorem 18 we give the next theorems.

Theorem 25. Let p € SVAy and (xmn) be in (V,pu,v). If Tmpn — x (N, p,+;1,0) and
sequence {m(Tmn — Tm—1,n)} s g-bounded, then Tmn — .

Theorem 26. Letp = (p;) be a nonnegative sequences with po > 0 and (Pn,) be regularly

varying of positive indice. If Tmn — = (N,p,*;1,0) and sequence {%(mmn — Tm—1,n)

m

is qg-bounded, then Tmn — x.
4. CONCLUSION

In this present research article, we defined weighted mean summability method of
double sequences in intuitionistic fuzzy normed spaces (IFNS). This study reveals also
Tauberian results for some known summation methods in the special cases, and ob-
tained necessary and sufficient Tauberian conditions under which convergence of double
sequences in ITFNS.
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